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Two-step competition process leads to quasi
power-law income distributions
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Abstract

We apply a two-step competition process as a model to explain the distribution of citations
(‘income’) over publications (‘work’). The &rst step is the competition amongst scientists to
get their work published in better journals, and the second to get this work cited in these
journals. Generally, citation distributions are supposed to follow a power law, like most other
‘income’ distributions. So far, no satisfactory theoretical model of citation distribution has been
developed. On the basis of two Boltzmann type distribution functions of source publications, we
derive a distribution function of citing publications over source publications. This distribution
function corresponds very well to the empirical data. It is not a power law, but a modi&ed
Bessel-function. In our view, the model presented in this article has a more generic value,
particularly in economics to explain observed income distributions. c© 2001 Elsevier Science
B.V. All rights reserved.

We developed a new model to explain the distribution of citations over publications.
Bibliometric measurements of the distribution of citations over publications suggest a
power-law function (see, for instance, Refs. [1,2]). But so far, no satisfactory theoretical
model of citation distribution has been developed.

Our model consists of two steps. First, the competition amongst scientists for
‘publication status’. This status is determined by the way the journal is cited by other
journals. We argue that the underlying distribution originates from the journal in which
a publication appears and it is operationalized in the form of an equilibrium distribution
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of publications according to their ‘status’. Second, within their status level, scientists
again have to compete with their publications (i.e., with their ‘work’), in terms of get-
ting cited (‘income’). On the basis of these two distribution laws, a third one results,
the distribution of citations (i.e., citing publications) over source publications. A more
detailed discussion and comparison of the model with further empirical &ndings based
on bibliometric measurements is given elsewhere [3].

The basic concept of our model is the idea that scienti&c communication is charac-
terized by a large number of publications that has to be divided according to attributed
status. This concept is based on the following assumptions:

(1) The total system of scienti&c communication contains a limited amount of at-
tributable status.

(2) The status of a publication is represented in a signi&cant way by the status of the
journal in which it is published.

(3) The status of a journal is operationalized signi&cantly by the way it is cited by
other journals (‘bibliometric’ operationalization).

Given these assumptions, it is possible to calculate the most probable distribution of
publications over status levels.

The probability of any speci&c distribution is proportional to the number of ways
this distribution can be realized. We now calculate this distribution following the lines
of statistical mechanics, which will lead us to a Boltzmann distribution of publication
numbers over journal status.

Say we have n levels L1; : : : ;Ln with an amount of status W1; : : : ;Wn, and N publi-
cations. As indicated in our second assumption, status levels correspond to journals. If
we start with the &rst level L1, there are N possibilities to choose the &rst publication.
The second publication can be chosen in N − 1 ways, the third in N − 2 ways, and
so on, up to N1 publications. The total number of possibilities is N !=N1!(N − N1)!.
For the next status-level L2, we have N −N1 publications available. We may continue
this procedure until we have considered all status levels. The total probability for all
status levels together is found by multiplication of the partial probabilities per level,
which yields

P=N !=N1!N 2!N 3! : : : : (1)

A more general model is given by the inclusion of an a priori probability for a status
level. However, we expect diFerences in a priori probabilities only in exceptional cases,
particularly for journals with very strict restrictions in their acceptance policy, such as
Nature and Science. Thus, in good approximation we neglect the a priori probabilities
and continue to use Eq. (1).

In order to &nd the most probable distribution, we have to identify the maximum
value of P. The most eFective way to solve this problem is to calculate the maximum
of lnP, instead of P. From Eq. (1) it follows that

lnP= lnN ! − lnN1!− lnN2!− · · · :
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Fig. 1. Number of chemistry publications as a function of the JCSm values of the journals in which these
publications have appeared. Publication years: 1985–1993. The ordinate indicates the number of publications,
the abscissa indicates the JCSm values.

By using the Stirling formula ln x! ∼ x ln x−x, and given that N1 +N2 +N3 + · · ·=N ,
we &nd

d(lnP) = −
∑
i

lnNi dNi = 0; (2)

taking into account that dN = 0, from which it follows that
∑

i dNi = 0.
We solve Eq. (2) under conditions (1)

∑
i dNi = 0 (as discussed above), and (2)

the limited amount of status available in the total system: Wtot =N1W1 + N2W2 +
· · ·=∑

i NiWi, so that
∑

iWi dNi = 0. Applying Lagrange’s method, we multiply both
condition-equations by an arbitrary constant, � and �, respectively, and add them to
Eq. (2):∑

i

(lnNi + � + �Wi) dNi = 0 (3)

which yields

Ni = e−�−�Wi =Ae−�Wi ; (4)

where A is a constant, which follows from Eq. (4).
In Fig. 1, we present the number of publications N of chemistry research in the

Netherlands in a period of 8 years (in total about 15,000 publications) as a function of
the JCSm values of the journals in which the publications have appeared. The JCSm
value is the number of citations per publication of the journal in a speci&c period of
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time (e.g., four years after publication). It is a ‘bibliometric’ operationalization of the
journal status Wi as meant in our third assumption of the statistical model. For an
ample discussion of JCSm we refer to Van Raan [4].

We clearly observe the exponential character of the function, which empirically
supports the above model to explain the distribution of publication numbers over journal
status, as given by Eq. (4). Only for very high JCSm-values we observe a deviation,
due to a very low number of publications in this region.

For the further mathematical development of our model, we rewrite the distribution
function given in Eq. (4) as a density function:

�(W) =N� exp(−�W) with
∫ ∞

0
�(W) dW =N : (5)

We now suppose that the probability for publications to be cited within a journal,
i.e., within a speci&c status-level Li, is in fact the probability to occupy internal status
levels with the same rules as discussed in Part 1. As for the &rst part of our statistical
model, this assumption is clearly supported by empirical &ndings, see, for instance,
Ref. [2].

Thus we &nd for this probability

pi(c) = bi exp(−bic) with
∫ ∞

0
pi(c) dc= 1 : (6)

With the help of Eq. (6), the average number of citations per publication 〈c〉i can be
written as

Wi = 〈c〉i = 1=bi : (7)

Given the empirical fact (Fig. 1) that our status parameter W can be considered in
very good approximation as a continuous variable, we rewrite the probability function
for the distribution of publications within a speci&c journal over the received citations
c with the help of Eqs. (6) and (7):

p(c) = (1=W) exp(−c=W) : (8)

The probability that a publication in a given journal will receive a speci&c number of
citations is given by

�(W ; c) = �(W)p(c) =Na exp(−�W) (1=W) exp(−c=W) : (9)

Finally, we arrive at the distribution of all publications over citations

N (c) = �(c) =
∫ ∞

0
�(W ; c) dW =N�

∫ ∞

0
exp(−�W − c=W) (1=W) dW :

(10a)

The integral in Eq. (10a) is a modi7ed Bessel function of the zeroth order, and thus
we &nd

N (c) = 2N�K0(2
√
�c) : (10b)
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Fig. 2. Number of chemistry publications as a function of number of citations. Publication years: 1985–1993,
citations are counted with 3-years ‘window’ after publication year, self-citations excluded. The ordinate
indicates the relative number of publications, the abscissa indicates the absolute number of citations.

For the same set of publications and citations as presented in Fig. 1, we show in Fig. 2
the ‘&nal’ distribution: the number of publications as a function of the number of
citations. The distribution suggests a power law relation, indicated by the straight line
in the &gure, particularly for the higher number of citations.

However, the empirical distribution function does not follow a power law for the
lower number of citations. This is a serious problem, as most of the publications receive
just a few citations. Our model solves this problem. The same distribution as in Fig. 2
is now shown in Fig. 3 (up to c= 30), compared with the &tted modi&ed Bessel
function as given in Eq. (10b). We conclude that our model very well explains the
empirical data. We &nd for the parameter � (Eq. (10b)) the value 0.32.

Even the value for zero citations is predicted excellently. This value cannot be
represented in the log–log scales of Figs. 2 and 3. We &nd this value by the following
argument. The number of citations is by de&nition an integer. Thus we deal with a
discrete distribution, whereas the Bessel function holds for a continuous distribution.
So we approximate the c-values with the nearest integer, which means an integration
of the Bessel function. For instance, the probability for zero citations is given by the
integration of N (c) dc from c= 0 to 0.5, i.e., the ‘cumulative chance’

∫ 0:5

0
N (c) dc :
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Fig. 3. Number of chemistry publications as a function of number of citations, empirical data compared
with the &tted modi&ed Bessel-function as given in Eq. (10b). Publication years: 1985–1993, citations are
counted with 3-years ‘window’ after publication year, self-citations excluded. The ordinate indicates the
absolute number of publications, the abscissa indicates the absolute number of citations. Black squares:
empirical data, open squares: theoretical calculations.

With parameter �= 0:32 as discussed above, this integration of the Bessel function
yields 0.310, and the measured (relative) number is 0.292.

With the help of our two-step competition model, we have found that the distribution
of citations over publications does not follow a power law, but is represented by a
modi&ed Bessel function. We &nd a very good agreement between the outcomes of
our model and empirical data.

The citation distribution process can be seen as a speci&c representation of a more
generic process of income distribution. Thus, our two-step competition model may
be of interest for the understanding of complex social and economic phenomena. For
instance, the income distribution may result from a process in which people &rst have
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to compete (with education, talent, etc.) for occupations of diFerent ‘status’ in society,
and, secondly, within these occupations for their own position in terms of salary,
revenues, etc. Thus, we wonder if the famous Pareto distributions are indeed power
law distributions, or, according to a more generic form of our two-step competition
model, a modi&ed Bessel function.
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