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scales at different levels of granulations having a granular information transformation from a
finer to a coarser labelled value. The concept of multi-scale information tables in the context
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Granular computing levels of granulations in multi-scale information tables are defined and their properties are
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Multi-scale decision tables with the standard rough set model and a dual probabilistic rough set model are discussed
Probabilistic rough set models respectively. Relationships among different notions of optimal scales in multi-scale decision
Rough sets tables are further analyzed.
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1. Introduction

Granular computing (GrC) is an approach for knowledge representation and data mining. The purpose of GrC is to seek
for an approximation scheme which can effectively solve a complex problem at a certain level of granulation. The root of
GrC comes from the concept of information granulation which was first introduced by Zadeh in the context of fuzzy sets in
1979 [57,58]. Since its conception, “Granular computing” has become a fast growing field of research in recent years (see
e.g.,[1,2,10,17,18,22,28,29,39,40,43,46,47,49,53,54,62]).

A primitive notion in GrC is called a granule which is a clump of objects drawn together by the criteria of indistinguisha-
bility, similarity or functionality [58]. A granule may be interpreted as one of the numerous small particles forming a larger
unit. Alternatively, a granule may be considered as a localized view or a specific aspect of a large unit satisfying a given
specification. The set of granules provides a representation of the unit with respect to a particular level of granularity. The
construction, representation, and interpretation of granules, as well as the search for relations among granules represented
as IF-THEN rules having granular variables and granular values are some of the fundamental issues of GrC. The process
of constructing information granules is called information granulation. Granulation of a universe of discourse involves the
decomposition of the universe into parts, or the grouping of individual elements or objects into classes, based on available
information and knowledge [49,50].

An important and commonly used model for GrC is the partition model proposed by Yao [53]. This model is constructed
by granulating a finite universe of discourse through a family of pairwise disjoint subsets under an equivalence relation. An
equivalence relation allows us to model the passage from one level of detail to another, but does not, on its own, model more
than two levels of details needed in practice. For example, we have maps/geographical information systems represented
in multiple scales, and remotely sensed data obtained at multiple resolutions. Based on this observation and by employing
the notion of labelled partition, Bittner and Smith [3] developed an ontologically-motivated formal theory of granular
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partitions which is relatively comprehensive and useful for granular levels, but it does not address the types of aggregation
commonly used in data mining and conceptual data modelling, and it has no functions, no mechanisms to deal with multiple
granulation hierarchies for different perspectives. In order to represent hierarchical structure of data measured at different
levels of granularities, Keet [11] explored a formal theory of granularity to build structure of the contents for different types
of granularities. More recently, Wu and Leung [42] developed a new knowledge representation system, called multi-scale
granular labelled partition structure, in which data are represented by different scales at different levels of granulations having
a granular information transformation from a finer to a coarser labelled partition.

A natural consequence of granulation is the problem of approximating concepts using granules. The theory of rough sets,
proposed by Pawlak [24] has been shown to perform well in constructing a granulated view of the universe of discourse
and for interpreting, representing, and processing concepts in the granulated universe. It enables us to precisely define and
analyze many notions of GrC. For example, the equivalence relation in a Pawlak approximation space groups together entities
which are in some sense indiscernible or similar, called equivalence classes. These equivalence classes are the basic building
blocks for the representation and approximation of any subset of the universe of discourse. Based on the approximation
space, the notions of lower and upper approximations of decision classes can be calculated. Using the lower and upper
approximations, knowledge hidden in data set may be unravelled and expressed in the form of IF-THEN granular rules. So,
rough set theory is one of the most advanced areas popularizing GrC.

The basic idea of rough set theory is the acquisition of knowledge in the form of a set of decision rules unravelled from
an information table via an objective knowledge induction process. Various approaches using rough set theory have been
proposed to induce decision rules from data sets taking the form of decision tables [4,6,8,13,14,19,25,30,60]. So far, in the
literature, each object under each attribute in almost all information tables can only take on one value, that is, almost all
information tables in the rough-set data analysis are single scale information tables. However, objects are usually measured
at different scales under the same attribute [15]. In many real-life multi-scale information tables, an object can take on as
many values as there are scales under the same attribute. A simple example is that the examination results of mathematics for
students can be recorded as natural numbers between 0 to 100, and it can also be graded as “Excellent”, “Good", “Moderate”,
“Bad", and “Unacceptable”. Sometimes, if needed, it might be graded into two values, “Pass" and “Fail". Hence, how to discover
knowledge in hierarchically organized information tables is of particular importance in real-life data mining. In[31,32], Qian
etal. extended Pawlak’s rough set model to the so-called multi-granulation rough set models for knowledge acquisition in the
context of complete and incomplete information tables. It can be seen that the multi-granulation rough set models proposed
in [31,32] are in fact obtained by adding/deleting attributes in the information tables. In [42], Wu and Leung introduced
the notion of multi-scale information tables from the perspective of granular computation, represented the structure of and
relationships among information granules, and analyzed knowledge acquisition in multi-scale decision tables under different
levels of granularities. In a multi-scale information table, each object under each attribute is represented by different scales
at different levels of granulations having, a granular information transformation from a finer to a coarser labelled value.

Effective information and knowledge management must facilitate zooming in or zooming out of a section of interest for
diverse types of users, abstracting away details when it is not needed, and focussing on a level of detail relevant to the domain
experts’ information needs. In short, accessing and using information and knowledge at the optimum level of granularity
must be considered [11]. So, for a given multi-scale information table, we believe that there are also two key issues crucial to
the discovery of knowledge in the sense of granular IF-THEN rules. One is the optimal scale selection for choosing a proper
decision table with some requirements for final decision or classification, and the other is knowledge reduction by reducing
attributes in the selected decision table to maintain structure consistency for the induction of concise decision rules. Since
many rough set approaches have been proposed to knowledge reduction in information tables, in the present paper we
mainly focus on the first issue. To this end, we will use two rough set models, one is the standard Pawlak rough set model
and the other is a dual probabilistic rough set model.

In the next section, we introduce some basic notions related to Pawlak’s rough sets, information tables with granular
knowledge representation, and the Dempster-Shafer theory of evidence. The concept of multi-scale decision tables with
representation of granules and rough set approximations are reviewed in Section 3. In Section 4, we investigate optimal scale
selection in multi-scale decision tables by employing the standard Pawlak rough set model and a dual probabilistic rough
set model respectively. We then conclude the paper with a summary and outlook for further research in Section 5.

2. Basic notions related to information tables, decision tables and rough set approximations

In this section we review some basic notions of information tables and rough set approximations.
Throughout this paper, for a nonempty set U, the class of all subsets of U is denoted by P(U). For X € P(U), we denote
the complementof XinU as~ X,ie.~X =U—X = {x € Ulx ¢ X}.

2.1. Pawlak rough set approximations

Definition 1 [24]. Let U be a finite and nonempty set called the universe of discourse. f R € U x U is an equivalence
relation on U, that is, R is a reflexive, symmetric and transitive binary relation on U, then the pair (U, R) is called a Pawlak
approximation space.
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The equivalence relation R in a Pawlak approximation space (U, R) partitions the universe of discourse U into disjoint
subsets. Such a partition of the universe of discourse is a quotient set of U and is denoted by U/R = {[x]g|x € U}, where
[x]r = {y € U|(x,y) € R}isthe R-equivalence class containing x. Elements of U/R are called elementary sets. The empty set
) and the union of one or more elementary sets are called definable. The equivalence relation and the induced equivalence
classes or the approximation space (U, R) may be regarded as the available information or knowledge about the objects
under consideration. For two elements x, y € U, if (x, y) € R, we say that x and y are indistinguishable. In view of granular
computing, equivalence classes are the basic building blocks for the representation and approximation of any subset of the
universe of discourse. Each equivalence class may be viewed as a granule consisting of indistinguishable elements, and it is
also referred to as an equivalence granule.

Definition 2 [24]. Let (U, R) be a Pawlak approximation space. For an arbitrary set X € P(U), one can characterize X by a
pair of lower and upper approximations which are defined as follows:

R(X) = U{[xrl[x]r € X}, R(X) = U{[x]rl[x]r N X # @}. (1)
The pair (R(X), R(X)) is called the Pawlak rough set of X with respect to (w.r.t.) (U, R).

Evidently, the lower and upper approximations can be equivalently defined by:
R(X) = {x € Ullxlr € X}, RXX) = {x € Ul[x]r N X # ¥} (2)

We can see from Definition 2 that X is definable if and only if R(X) = R(X).

Given a subset X C U, by using the lower and upper approximations, the universe of discourse can be divided into three
pair-wise disjoint regions, namely, the positive, the negative, and the boundary regions:

POSg(X) = R(X),

BNg(X) = R(X) — R(X),

NEGg(X) =~ R(X) = U — R(X).

An element of the positive region POSg(X) definitely belongs to X, an element of the negative region NEGg (X) definitely
does not belong to X, and an element of the boundary region BN (X) only possibly belongs to X.

Observing that rules constructed from the three regions are associated with different actions and decisions, by employing
probabilistic rough sets and Bayesian decision theory Yao [51] proposed a new notion of three-way decision rules in which
a positive rule makes a decision of acceptance, a negative rule makes a decision of rejection, and a boundary rule makes a
decision of abstaining.

The lower and upper approximations can also be represented as the concept of rough membership functions defined
by a conditional probability [27]. Let P : P(U) — [0, 1] be a probability function defined on the power set P(U), and R
an equivalence relation on U. The triplet (U, R, P) is called a probabilistic approximation space [27]. For X € P(U), its rough
membership function is given by the conditional probability as follows:

Wy (x) = P(X|[x]r), x € U. (3)

Rough membership value of an element belonging to X is the probability of the element in X given that the element is in
[x]g. For a finite universe, the rough membership function is defined by Pawlak and Skowron as follows [26]:

X0 [l
) =

where |X| denotes the cardinality of the set X.
It is easy to see that the lower and upper approximations of a set X w.r.t. (U, R) are the core and support of the fuzzy set
Iy, Tespectively, i.e.,

, xeU. (4)

R(X) = {x € Ulpuy(x) = 1}, R(X) = {x € U|py(x) > 0}. (5)
The accuracy of rough set approximation is defined as follows [24]:
IRX)|
(XR (X) = =, (6)
IRX)

where for the empty set §J, we define o, () = 1. Clearly, 0 < o, (X) < 1.If X is definable, then o, (X) = 1.

2.2. Belief structures and belief functions

The Dempster-Shafer theory of evidence, also called the “evidence theory"” or the “belief function theory", is treated
as a promising method of dealing with uncertainty in intelligence systems. The basic representational structure in the
Dempster-Shafer theory of evidence is a belief structure [33].
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Definition 3. Let U be a non-empty finite set, a set function m : P(U) — [0, 1] is referred to as a basic probability
assignment if it satisfies axioms (M1) and (M2):

(M) m(#%) =0, (M2) > m(A) = 1.

ACU

The value m(A) represents the degree of belief that a specific element of U belongs to set A, but not to any particular
subset of A. A set A € P(U) with nonzero basic probability assignment is referred to as a focal element. We denote by M the
family of all focal elements of m. The pair (M, m) is called a belief structure on U.

Associated with each belief structure, a pair of belief and plausibility functions can be defined [33].

Definition 4. Let (M, m) be a belief structure on U. A set function Bel : P(U) — [0, 1] is referred to as a belief function on
U if
Bel(X) = > m(A), VX € P(U). (7)
ACX

A set function Pl : P(U) — [0, 1] is referred to as a plausibility function on U if

PIX) = > m(A), VX € P(U). (8)
ANX#D

Belief and plausibility functions based on the same belief structure are connected by the dual property

PI(X) =1 — Bel(~ X), VX € P(U), 9)
and furthermore,
Bel(X) < PI(X), VX € P(U). (10)

There are strong connections between rough set theory and the Dempster-Shafer theory of evidence [35-37,44,55]. The
following theorem shows that probabilities of lower and upper approximations are a dual pair of belief and plausibility
functions [44,55].
Theorem 1. Let (U, R, P) be a probabilistic approximation space, for any X C U, denote

Bel(X) = P(R(X)),  PI(X) = P(R(X)). (11)

Then Bel and Pl are a dual pair of belief and plausibility functions on U respectively, and the corresponding basic probability
assignment is

P(Y), if Y € UJR,

0, otherwise.

m(Y) =

2.3. Information tables, decision tables, decision rules

The notion of information tables (sometimes called, information systems, data tables, attribute-value systems, knowledge
representation systems etc.) provides a convenient tool for the representation of objects in terms of their attribute values
[24,60].

Definition 5. Aninformation table is a 2-tuple (U, A), where U = {x1, X2, ..., X} is a non-empty, finite set of objects called
the universe of discourse and A = {ay, as, ..., an} is a non-empty, finite set of attributes, such thata : U — V, for any
aeAie a(x) € Vg, x € U whereV, = {a(x)|x € U} is called the domain of a.

A decision table (sometimes called decision system)is a 2-tuple S = (U, CU{d}) where (U, C) is an information table, and
d ¢ Cisaspecial attribute called the decision. In this case, C is called the conditional attribute set, d is a mappingd : U — Vy4

from the universe of discourse U into the value set V4, we assume, without any loss of generality, that V4 = {1,2,...,r}.
Define

Ry ={(x,y) € U x Uld(x) = d(y)}. (12)
Then we obtain a partition U/Rgy = {D1, D2, ..., D} of U into decision classes, where D; = {x € Uld(x) = j},j =

1,2,...,r.
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For any B C C, denote an equivalence relation (also called indiscernibility relation) Rg as

Rp = ﬂ Ry = {(x,y) € U x Ula(x) = a(y), Ya € B}. (13)

aeB

Since Rg is an equivalence relation on U, it forms a partition U/Rg = {[x]g|x € U} of U, where [x]p denotes the equivalence
class determined by x w.r.t. B, i.e., [x]g = {y € U|(x,y) € Rg}.
If Rc € Ry, then the decision table S = (U, C U {d}) is referred to as consistent, it is said to be inconsistent otherwise.
For any B C C, define

dg(x) = {d)ly € [xIp}, x € U, (14)

dg(x) is referred to as the generalized decision value of x w.r.t. Bin (U, C U {d}) [12] and 03 is called the generalized decision
functionw.r.t. Bin (U, CU{d}). It is straightforward that the decision table (U, CU{d}) is consistent if and only if |0c (x)| = 1
forall x € U, and it is inconsistent otherwise.

In the discussion to follow, the symbols A and V denote the logical connectives “and” (conjunction) and “or"(disjunction),
respectively. Any attribute-value pair (a, v), v € V,,a € B, B C C, is called a B-atomic property. Any B-atomic property or
conjunction of different B-atomic properties is called a B-descriptor. Let t be a B-descriptor, the attribute set occurring in t is
denoted by B(t).If B(t) = B, then t is called a full B-descriptor. Denote

FDES(B) = {t|t is a full B-descriptor}. (15)
If (a, v) is an atomic property occurring in t, we simply say that (a, v) € t.
The set of objects having descriptor t is called the support of t and is denoted by ||t]|,i.e., ||t]| = {x € U|v = a(x), V(a,v) €
t}. If t and s are two atomic properties, then it can be observed that ||t A s|| = ||t|| N ||s]| and ||t V s|| = ||t]| U ||s]||. Clearly,
if C(t) = Band x € ||t||, then [x]g = ||t]|.
For any B-descriptor t, let us define a function 0 : U — P(Vy) as follows:

a(t) = {dWly € [t} (16)

which is called the generalized decision of t in S. Any (d, j),j € 9(t), is referred to as a generalized decision descriptor of t.
LetX C U and B C C. The lower and upper approximations of X w.r.t. B, denoted by Rg(X) and Rg(X) respectively, are
defined as follows:

Rp(X) = U{|tll| llt] < X, t € FDES(B)},

— (17)
Rp(X) = U{[itll lItll N X 5 @, t € FDES(B)}.

Clearly,

Rp(X) = U{[xlgl [x]p S X} = {x € U| [x]g < X},

— (18)
Rp(X) = U{[x]p| [x]s N X # @} = {x € U| [x]p N X # ¥}.

Evidently, Rg(X) < Rg(X). Elements in Rg(X) can be classified as members of X with complete certainty using attribute

set B, whereas elements in Rg(X) can be classified as members of X with only partial certainty using attribute B. The class
Rp(X) — Rp(X) is referred to as boundary of X w.r.t B and is denoted by BNp(X).

Letj € Vyand t € FDES(B). If ||t]| € Rg(||(d, )| (and, respectively, ||t|| < Rg(||(d,j)]|)), then we call t a lower
(and, respectively, upper) approximation B-descriptor of (d, j). The set of all lower (and, respectively, upper) approximation B-
descriptors of (d, j) is denoted by Rg((d, j)) (and, respectively, Rg((d, j))). And also, if ||t|| < BNg(||(d, j)|), then t is referred
to as a boundary descriptor of (d, j) w.r.t. B. The set of all boundary descriptors of (d, j) w.r.t. Bis denoted by BNDESg((d, j)).

Proposition 1 below shows that the approximations of decision classes can be expressed by means of the generalized
decision.

Proposition 1. Let S = (U, C U {d}) be a decision table. Ifj € Vy, t is a C-descriptor, and B < C, then

(1) Rg(li(d, 1) = U{litll|t € FDES(B), a(t) = {j}},
(2) Re(ll(d, )I) = U{litll|t € FDES(B), j € d(b)},
(3) Rg((d,j)) = {t € FDES(B)|a(t) = {j}},

(4) Rp((d,))) = {t € FDES(B)|j € a(1)}.

The knowledge hidden in a decision table S = (U, CU {d}) may be discovered and expressed in the form of decision rules:
t — s,wheret = A(a,v),a € BC C,ands = (d,j),j € Vg, t and s are, respectively, called the condition and decision parts
of the rule. We will say that an object x € U supports a rule t — s in the decision table S if and only if x € ||t|| N ||s]|.
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A decision rule t — (d, j) is referred to as certain in S if and only if ||t|| # @ and ||t||  |/(d, )], in such case, we
denote t = (d,j) instead of t — (d, j). A decision rule t — (d, j) is referred to as an association rule in S if and only
if It N |1(d,j)]| # @. A decision rule t — (d, j) is referred to as a possible rule in S if and only if it is not certain, but

el Nl DIl # 9.
With each decision rule t — s = (d, j) in a decision table S, we associate a quantitative measure, called the certainty, of
the rule in S and is defined by [25]:

LIl O fisil |
Cer(t — S) = W (19)

The quantity Cer(t — s) shows the degree to which objects supporting descriptor t also support decision s in S. If Cer (t —
s) = «, then (100)% of objects supporting t also support s in S.

The following proposition shows that the types of decision rules can be expressed by means of the certainty factors of
the rules as well as the lower and the upper approximations of each decision class w.r.t. the set of conditional attributes in
a decision table.

Proposition 2. LetS = (U, CU {d}) be a decision table. Ifj € Vy, t is a C-descriptor, and s = (d, j), then the decision rulet — s
(1) is certain in S > It S Re (II(d, NID
<t € Re(ry ((d, )
— 00 ={j}
< Cer(t — (d,j)) =1;
(2) is an association rule in S <= ||t|| < W(H(d,j)”)
<=t € Rep((d, )
= je i)

= 0 < Cer(t — (d,j)) <1;

(3) is a possible rule in S <= ||t|| < BNc)([|(d, D)
& t € BNDES¢(;)((d, j))

&= jed(t)and | a(t) |> 2
< 0 < Cer(t - (d,j)) < 1.

One can acquire certainty decision rules from consistent decision tables and uncertainty decision rules from inconsistent
decision tables. In fact, if | dc(x) |= 1, then the decision rule corresponding to (or supported by the objects in) the class [x]¢
is certain, otherwise, | dc(x) |> 2, the decision rule corresponding to the class [x]¢ is uncertain.

A decision rule with too long a description means high prediction cost. To acquire concise decision rules from decision
tables, knowledge reduction is needed. It is well-known that not all conditional attributes are necessary to depict the decision
attributes before decision rules are generated. Thus knowledge reduction by reducing attributes is one of the main problems
in the study of rough set theory (see e.g., [7,9,16,23,24,34,38,41,43,45,60,61,63]).

3. Multi-scale decision tables

In this section, we introduce the concept of multi-scale decision tables from the perspective of granular computation.
3.1. Multi-scale information tables

In a Pawak information table, each object can only take on one value under each attribute. However, in some real-life
applications, one has to make decision with different levels of granulations. That is, an object may take on different values
under the same attribute, depending on at which scale it is measured. In [42], we introduced a new concept called multi-scale

information table from the perspective of granular computation which has different levels of granulations.

Definition 6. A multi-scale information table is a tuple S = (U, A), where
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® U ={xq1,X2,..., Xy} is a non-empty, finite set of objects called the universe of discourse;
® A= {aj,ay,...,an}isanon-empty, finite set of attributes, and each a; € A is a multi-scale attribute, i.e., for the same
object in U, attribute g; can take on different values at different scales.

In the discussion to follow, we always assume that all the attributes have the same number I of levels of granulations.
Hence, a multi-scale information table can be represented as a table (U, {a]’F|k =1,2,...,1,j = 1,2,...,m}), where

aj’-‘ U — Vj" is a surjective function and Vj" is the domain of the kth scale attribute aj'-‘. For 1 < k < I — 1, there exists a

surjective function g}“kH V- ij+1 such that a}‘“ = g}“kH odie.
af“(x) = gf’kﬂ (a]’»‘(x)) , xeU, (20)
where g}"kH is called a granular information transformation function.

Definition 7. Let U be a nonempty set, and .4 and A, be two partitions of U. If for each A; € A1, there exists Ay € A, such
that Ay C A,, then we say that A; is finer than A, or A is coarser than A1, and is denoted as A1 C A,. Furthermore, if there
exist Ay € A; and Ay € Ay such that Ay C A,, then we say that Ay is strictly finer than A5, and is denoted as Ay C Aj.

For k € {1, 2,...,I}, we denote Ak = {a]’-‘[i =1,2,..., m}. Then a multi-scale information table S = (U, A) can be
decomposed into I information tables S* = (U, A¥), k = 1, 2, ..., I. According to [42], we can conclude the following:

Proposition 3. LetS = (U, A) = (U, {a]’-‘lk =1,2,...,.L,j=1,2,..., m}) be a multi-scale information table, and B C A,
fork € {1,2,...,1}, denote

Rge = {(x,y) € U x Ula*(x) = d*(y), Va € B},
[x], = {y € Ul(x,y) € Ry} = {y € Ula*(x) = a*(y), Ya € B}. (21)
U/Rge = {[x], Ix € U}.

Then
Rgpt S Rz € --- C Ry,
[x], S Ixl, €S Ixl,, xeU, (22)
U/Rgt TU/Rp2 E --- C U/Rp.

ForB C Aand X C U, since U/Rg1 & U/Rg2 C --- C U/Rpi, according to Yao [48], we can obtain a nested sequence of
rough set approximations as follows:

Rgi(X) € Ryi-1(X) € -+ € Rz (X) € Ryn (X) S X,
X C Ry (X) SRp(X) S -+ S Rg-1(X) € Ry (X). =
Therefore, we can have nested sequences of the positive, the boundary, the positive, and the negative regions:
POSp (X) S POSg-1(X) S -+ C POSz (X) S POSi (X),
BNji (X) € BNg2(X) € -+ C BNg1(X) < BNgi (X), (24)
NEG (X) € NEGg-1(X) € -+ € NEGg (X) € NEGy1 (X),
Consequently, we obtain a sequence of accuracies for approximations w.r.t. different scales:

aB’ (X) S a31_1 (X) S e S aBZ (X) S aB1 (X) (25)

By employing Theorem 1 and Eq. (23) we can conclude following
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Proposition 4. LetS = (U, A) = (U, {aJ’-‘|k =1,2,...,1,j=1,2,..., m}) be a multi-scale information table, and B C A,
fork € {1,2,...,1}, denote

IRge ()]
Belge (X) = P(Rpr (X)) = o7 26

o Rl .
Plge(X) = P(Rg (X)) = —I;

Then Belge : P(U) — [0, 1] and Plgx : P(U) — [0, 1] are a dual pair of belief and plausibility functions on U, and the

corresponding basic probability assignment my : PWU) — [0,1]is
_ Yo

P(Y) = 1ol ifye U/RBk,

0, otherwise.

m, (Y) = (27)

Moreover, the belief and plausibility functions satisfy the following properties:

(1) Belg (X) < Belg-1(X) < --- < Belgp(X) < Belpi (X) < P(X),
(2) P(X) < Plgi(X) <Plpz(X) < --- < Plg-1(X) < Plgr(X),
(3) BC C C A= Belg(X) < Belqx(X) < P(X) <Pl (X) < Plg(X).

Definition 8. A system S = (U,C U {d}) = (U, {a]’-‘lk =12,....1,j=1,2,..., m} U {d}) is referred to as a multi-
scale decision table, where (U, C) = (U, {aJ’f|k =12,...,1,j=1,2,..., m}) is a multi-scale information table and d ¢

{a]’-‘|k =12,...,.Lj=1,2,..., m}, d: U — Vy,is aspecial attribute called the decision.

According to Definition 8, a multi-scale decision table S = (U, C U {d}) = (U, {a}‘|k =12,...,Lj=1,2,..., m}
U{d}) can be decomposed into I decision tables S¥ = (U, {a]’-‘[j =1,2,..., m} U {d}) = (U,ck U {a),
(C" = {a]’»‘[j =1,2,..., m}) k=1,2,...,1, with the same decision d.

Table 1
A multi-scale decision table with three levels of granulations.
u al a? a? al a? a al a? a ay a2 a; d
X1 1 E Y 1 E Y 1 S Y 1 S Y 1
X2 2 G Y 2 E Y 1 S Y 1 S Y 1
X3 3 G Y 3 G Y 2 S Y 2 S Y 1
X4 4 F N 4 F N 3 M N 3 M N 1
X5 5 B N 5 F N 4 L N 4 L N 1
X6 6 B N 6 B N 5 L N 4 L N 1
X7 4 F N 4 F N 1 S Y 1 S Y 2
Xg 5 B N 5 F N 1 S Y 1 S Y 2
X9 6 B N 6 B N 2 S Y 2 S Y 2
X10 4 F N 4 F N 3 M N 1 S Y 1
X1 5 B N 5 F N 4 L N 1 S Y 1
X12 6 B N 6 B N 5 L N 2 S Y 1

Table 2

The decision table with the first level of granulation of Table 1.

u al al al a} d

X1 1 1 1 1 1

X2 2 2 1 1 1

X3 3 3 2 2 1

X4 4 4 3 3 1

X5 5 5 4 4 1

X6 6 6 5 4 1

X7 4 4 1 1 2

Xg 5 5 1 1 2

X9 6 6 2 2 2

X10 4 4 3 1 1

X1 5 5 4 1 1

X12 6 6 5 2 1
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Table 3
The decision table with the second level of granulation of Table 1.

N

2 2
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au
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CFmZzoLLECZ V0K
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S N N NG I NG O U

Table 4
The decision table with the third level of granulation of Table 1.

U

Q
=W
Q
W
Q
ww
Q
s
a

X1
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X4
X5
X6
X7
Xg
X9
X10
X1
X12

zzzzzZzZ2Z222<<=<
zzzzzZzZzZzZ2Z2<~<~<
ZZZ<<=<ZZZ<<=<
K< ZZZ <<
e N N N S T Sy

Definition 9. A multi-scale decision table S is referred to as consistent if the decision table under the first (finest) level of
scale,S' = (U, {aj] i=1,2,..., m} U {d}) = (U, C'U{d}),is consistent, and S is called inconsistent if S' is an inconsistent
decision table.

Example 1. Table 1 is an example of a multi-scale decision table (U, {a]’flk =1,2,3,j=1,2,3, 4} U {d}), where U =
{x1, %2, ..., x12}, C = {aq, ay, as, a4}. The table has three levels of granulations, where “E", “G", “F", “B", “S", “M", “L", “Y",
and “N" stand for, respectively, “Excellent”, “Good", “Fair", “Bad", “Small", “Medium", “Large”, “Yes", and “No". For these levels
of granularities, the system is associated with three decision tables which are described as Tables 2-4, respectively.

4. Optimal scale selection in multi-scale decision tables

Knowledge acquisition in the sense of rule induction from a multi-scale decision table is an important issue. As we know
from last section, a multi-scale decision table having I levels of granulations can be decomposed into I decision tables,
however, not all decision tables are consistent with some requirements to the decision table under the first (finest) level of
scale. So, it is critical to select the optimal level of details corresponding a suitable decision table before decision rules are
produced. In this section, we investigate optimal scale selection with different requirements in multi-scale decision tables.

4.1. Optimal scale selection in consistent multi-scale decision tables

For a consistent multi-scale decision table S = (U, C U {d}) = (U, {a]’-< k=1,2,...,1,j=1,2,..., m} U {d}), we

haveR-1 C Rg.Forl <i<k <], ifsk = (U, {a]’-‘[i =1,2,..., m} U {d}) is a consistent decision table, i.e. Rck C Ry, then,
by Proposition 3, we can observe that RC,. - Rck C Ry. Hence, (U, {aj’:[j =1,2,..., m} U {d}) is also a consistent decision
table.

Definition 10. LetS = (U, CU{d}) = (U, {a}‘|k =1,2,...,Lj=1,2,..., m} U {d}) be a consistent multi-scale decision
table. The kth level of scale is said to be optimal if Sk is consistent and Sk+! (if there exists k + 1) is inconsistent.
According to Definition 10, we can see that the optimal scale of a consistent multi-scale decision table is the best scale for

decision making or classification in the multi-scale decision table. And k is the optimal scale if and only if k is the maximal
number such that S¥ is a consistent decision table.
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Theorem 2. LetS = (U, CU {d}) = (U, {a]’»‘lk =12,....1,j=1,2,..., m} U {d}) be a consistent multi-scale decision
table which has I levels of granulations. For k € {1, 2, ..., I}, then the following statements are equivalent:

(1) sk= (U, {a]’-‘[j =1,2,..., m} U {d}) is a consistent decision table, i.e., Rck < Ry,
(2) 31, Bele(D)) = 1,
(3) X, Plow(Dj) = 1.

Proof
“(1) = (2)"Foranyj € {1, 2, ..., r}, denote

JCk(Dj) = {[y]ck (S U/Rckl[y]ck g DJ}

Since Rex € Rq, we see that Jc (Dy) forms a partition of D;. Then we have
Belek (Dj) = 22{m, (X)IX € Dj} = >{m , ([x]c)|[X]ck € U/Rex, [xlex S Dy}
= 2{m (Xl [X]ex € Tee(D} = ZAP(X]c)[x]er € Tex (D))}
= P(D)).

It follows that

> Bele(D)) = D P(Dj) = 1.

j=1 j=1

.
“(2) = (1)" Assume that > Belq«(D;j) = 1. Define
=

Te (K1) = {ler € U/Ra |Vl € X}, x € U
It is easy to see that Jc1([x]«) forms a partition of [x]«. Then, foranyj € {1, 2, ..., r}, we have
Belce (D)) = 3 {m (Xlc)|[X]ee € U/Ret, [X]ee < Dy
= > {P(X])|[X]ck € U/Ree, [X]ex S Dj)
=3 Pyl e € Tor (I¥lee), [X]ee € U/Ree, [Xex < Dj)

< X {P(XIc)|[Xlcr € Dj} = P(Dj).
Since 1 = 3./_; Belcx(Dj) < >Ji_; P(Dj) = 1, by Proposition 4, we can conclude that

Belk(Dj) = P(Dj), Vje({1,2,...,1}.

From which we can see that {[x]c«|[X]ck € U/Rex, [X]ce  Dj} forms a partition of D;. Since {Dj|j € {1,2,...,r}}isa
partition of U, we conclude that {[x]c«|[x]c« € Dj,j € {1,2,...,r}} forms a partition of U. Hence for any x € U, there
existsj € {1,2, ..., r} such that [x] € Dj. Evidently,

x € [X]ck € Dj < [x]lg = D;.
Thus [x]q« € [x]q forall x € U, thatis, Rck € Rg.

“(1) = (3)" Since R« € Ry, we have [x]« € [x]q4 for allx € U. Define

Jee(Dj) = {[Xlee € U/R|[Kee S D}, je{1,2,....1).

It is easy to see from Rex € Ry that Je« (Dj) forms a partition of D;, and moreover,

[X]Ck N D; # () <— [X]Ck C Dj, Vx e U.
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Hence

Pl (D)) = LY ND; 0}

= {m

> {m, (Me0lXlee € U/Rex, [xlex N D # 0]
> {m, (K0 [Xlee € U/Rek, [¥le S Dj)
>

P([x]co)|[x]cx € Tcx (D))}

=P(D), Vje{l,2,....r}.

It follows that

> Pla(D)) = > P(Dy) = 1.

j=1 j=1
“(3) = (1)" Assume that erzl Pl (Dj) = 1. Since S is consistent, we have 1 = }:1 Ple1 (D) > >.i_; Plek(Dj) = 1. Then
by Proposition 4 we have Pl (Dj) = Plc1(Dj) = P(D;) forallj € {1,2,...,r}, thatis,

P (Rex (D)) = P (R (Dy)) = P(Dy).
By Eq. (23), we observe that R« (D) 2 Re1(Dj) 2 Dj, thenwe conclude that Re« (D) = Re1(Dj) = Djforallj € {1,2,...,r1}.
Thus

Ree([¥]a) = Rer ([¥]a) = [xla,  Vx € U.

Givenx € Uandforanyy € [x]q,noticethat[y]cx = [X]cx, then [y]eN[x]g = [X]«N[xlg # B, thatis,y € R« ([x]a) = [x]4,
and in turn, [x]cx € [X]g. It follows that Ree € Ry. [

In terms of Theorem 2 and Proposition 4, we can conclude following

Theorem 3. LetS = (U,CU {d}) = (U, {a]’»‘lk =1,2,...,1,j=1,2,..., m} U {d}) be a consistent multi-scale decision
table which has I levels of granulations. For k € {1, 2, ..., I}, then the following statements are equivalent:

(1) the kth level of scale is the optimal scale.

(2)
> Belak (D)) = 1. (28)

j=1
And (if thereisk +1 < I)

> Belat1 (D) < 1. (29)
j=1

3)
> Pl (D) = 1. (30)
j=1

And (if thereisk +1 <1)
r
> Plekn (D)) > 1. (31)
j=1

Theorem 3 shows that, in a consistent multi-scale decision table, the kth level of scale is the optimal scale if and only if k
is tt}<e maximum number such that the sum of degrees of belief (as well as the degrees of plausibility) of all decision classes
inS*is 1.
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After we select the optimal scale k, for making decision, we can obtain the classification rule set based on the computing
reducts of the kth decision table S¥, because this issue is not the main objective of this paper, we will not discuss it here, and
for the detail we refer the readers to [42].

4.2. Optimal scale selection in inconsistent multi-scale decision tables

LetS = (U,CU {d}) = (U, {a}‘|k =1,2,...,1,j=1,2,..., m} U {d}) be a multi-scale decision table which has I
levels of granulations. For 1 < i < k < I, if (U, {a}[j =1,2,..., m} U {d}) is an inconsistent decision table, then it can
easily be observed that (U, {aj’-‘[j =1,2,..., m} U {d}) is also an inconsistent decision table.

Fork € {1,2,...,I},and X C U, define

Ree(X) = (x € U|lxlex € X} = {x € UIP(X|x]co) = 1},
Re(X) = {x € Ul[x]cx N X # @} = {x € UIP(X|[x]cx) > 0},
where Ret = {(x,y) € U x U|a“(x) = d*(y), Va € C}and [x]«« = {y € U|(x,y) € Rex}.

We denote

Lex(d) = (Ree(D1), Rex(Da), - Rex (DY)

Hck(d) = @(Dl)? T@(Dz)v sy E(DT)) ’

Ko ®) = (P(D1l[x]ck), P(D2|[X]ck), - .., P(Dy|[X]ck)) , x € U,
Y %) = {Dj; € U/Ra|P(Dj|[x]ck) = 1”%’357(TP(Dj|[X]ck)}, xel,
Belqx (d) = (Belck(D1), Belqk (D), .. ., Belck(Dy)) ,

Plck (d) - (Plck (D]), Plck (DZ), ey Plck (Dr)) 5

0, () ={dW)ly € [X]e}, x €U,

where P(D} [x]ce) = P, Belee (D) = P(Rex(D)) = BN and Pl (D)) = P(Ros (D)) = ),

Lk (d) and Hr are referred to as the lower approximation distribution and upper approximation distribution of decision
classes U/Ry under the kth scale in S, respectively. i (x) is called the probability distribution of decision classes U/Ry for
object x under the kth scale in S, and Yo (x) is called the maximum distribution of decision classes U/Ry for object x under
the kth scale in S. Bel« (d) and Pl (d) are said to be the belief distribution and plausibility distribution of decision classes
U/Ry under the kth scale in S, respectively. And 8Ck (x) is the generalized decision values of object x under the kth scale in S.
According to Proposition 3 it is easy to see that

8(1 x) C Bcz x)c---C BCH x) C BC, x), x e U. (33)

Definition 11. Let S = (U,C U {d}) = (U, {a]’-‘|k =1,2,...,1,j=1,2,..., m} U {d}) be an inconsistent multi-scale
decision table which has I levels of granulations. For k € {1, 2, ..., I}, we say that

(1) sk = (U, cku{d)) = (U, {a]’-‘[i =1,2,..., m} U {d}) is lower approximation consistent to Sif Lo« (d) = L¢1(d). And,
the kth level of scale is said to be the lower approximation optimal scale of S if S¥ is lower approximation consistent
to S and Sk+1 (if there is k 4 1) is not lower approximation consistent to S.

(2) sk =, cku{d) = (U, {a]’-‘U =1,2,..., m} U {d}) is upper approximation consistent to S if Hq(d) = Hc1(d).
And, the kth level of scale is said to be the upper approximation optimal scale of S if S¥ is upper approximation
consistent to S and Skt (if there is k + 1) is not upper approximation consistent to S.

(3) sk = (U, cku{d}) = (U, {aJ’FU =1,2,..., m} U {d}) is distribution consistenttoSif/LCk x) = v (x) forallx € U.
And, the kth level of scale is said to be the distribution optimal scale of S if S¥ is distribution consistent to S and Sk*!
(if there is k + 1) is not distribution consistent to S.

(4) sk = (U, cku {d}) = (U, {a]’»‘[i =1,2,..., m} U {d}) is maximum distribution consistent to S if y , (x) = v, (x)
for all x € U. And, the kth level of scale is said to be the maximum distribution optimal scale of S if S¥ is maximum
distribution consistent to S and Sk*! (if there is k + 1) is not maximum distribution consistent to S.
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(5) st = (U, kU fa}) = (u. {an =1,2,..., m} U {d}) is belief distribution consistent to S if Belc«(d) = Belc: (d).

And, the kth level of scale is said to be the belief distribution optimal scale of S if S¥ is belief distribution consistent to
S and Sk+! (if there is k + 1) is not belief distribution consistent to S.

(6) S = (U, cku{d}) = (u. {a}‘[j =1,2,..., m} U {d}) is plausibility distribution consistent to S if Plc«(d) = Plci (d).

And, the kth level of scale is said to be the plausibility distribution optimal scale of S if S¥ is plausibility distribution
consistent to S and S¥*7 (if there is k + 1) is not plausibility distribution consistent to S.

(7) Sk = (U, cku {da}) = (U, {aJ’-‘U =1,2,..., m} U {d}) is generalized decision consistent to S if ack x) = E)C] (x) for

allx € U. And, the kth level of scale is said to be the generalized decision optimal scale of S ifSkis generalized decision
consistent to S and S¥*7 (if there is k + 1) is not generalized decision consistent to S.

In an inconsistent multi-scale decision table which has I levels of granulations, it can be observed that
sk = (U, {a}‘[j =12,..., m} U {d}) is an inconsistent decision table for all k € {1, 2, ..., I}. Moreover, we can see
that

e Sk is lower approximation consistent to S if and only if sk preserves the lower approximations of all decision classes of
the finest scale decision table S!, in this case, an object supports a certain decision rule derived from S! if and only if it
supports a certain decision rule derived from Sk, And k is the lower approximation optimal scale of S if and only if k is
the maximal number such that S¥ preserves the lower approximations of all decision classes of S'.

o Skis upper approximation consistent to S if and only if Sk preserves the upper approximations of all decision classes
of the finest scale decision table S', in this case, an object supports an association rule derived from S if and only if it
supports an association rule derived from S¥. And k is the upper approximation optimal scale of S if and only if k is the
maximal number such that S¥ preserves the upper approximations of all decision classes of S'.

e S¥is distribution consistent to S if and only if S¥ preserves the degree in which every object belongs to each decision class
of the finest scale decision table S'. And k is the distribution optimal scale of S if and only if k is the maximal number
such that S¥ preserves the degree in which every object belongs to each decision class of S'.

e S¥is maximum distribution consistent to S if and only if S¥ preserves all maximum confidence degree of decision rules
of the finest scale decision table S. And k is the maximum distribution optimal scale of S if and only if k is the maximal
number such that S¥ preserves all maximum confidence degree of decision rules of S'.

e S¥isbelief distribution consistent to S if and only if sk preserves the same belief degree of each decision class in the finest
scale decision table S'. And k is the belief distribution optimal scale of S if and only if k is the maximal number such that
sk preserves the same belief degree of each decision class in S'.

e Sk is plausibility distribution consistent to S if and only if S¥ preserves the same plausibility degree of each decision class
in the finest scale decision table S'. And k is the plausibility distribution optimal scale of S if and only if k is the maximal
number such that S¥ preserves the same plausibility degree of each decision class in S'.

e Skis generalized decision consistent to S if and only if S keeps the generalized decision values of the finest scale decision
table S'. And k is the generalized decision optimal scale of S if and only if k is the maximal number such that Sk keeps
the generalized decision values of S'.

It is important to clarify the interrelationships among the defined types of optimal scale in Definition 11.

Theorem4. LetS = (U, CU{d}) = (U, {a]’f|k =12,....1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. Fork € {1, 2, ...,1}, ifuck x) = M (x) forallx € U, then

(1) Lek(d) = Lea(d).

(2) Her(d) = He(d).

3)y,.,x = Ya (x) forallx € U.

ck

Proof

(1) Notice thatRc1 € Rex, by Eq. (23), we have R« (Dj) € Rc1(Dj) forall Dj € U/Ry. On the other hand, for any D; € U/Ry4
and x € U, if x € Rc1(Dj), by the definition of loweﬁpproximation, we have [x]c1 € Dj, then P(Dj|[x]c1) = 1.
By the assumption we conclude that P(Dj|[X]cx) = P(Dj|[x]c1) = 1, thus x € Rk (D), from which follows that
Rcx(Dj) = Re1(Dj). Consequently, Lok (d) = Lei (d). o

(2) Since Re1 € Rk, by Eq. (23), we have Rc1(Dj) € Rer(Dj) for all Dj € U/Ry. On the other hand, for any D; € U/Rg
and x € U, ifx € Rq(Dj), by the definition of upper approximation, we see that P(Dj|[x]cx) > 0. By the assumption
we conclude that P(Dj|[x]c1) = P(Dj|[x]ck) > 0, thus x € Re1(Dj), from which follows that R« (Dj) S Rc1(D)).
Therefore, Rcx (D) = Re1(Dj) for all Dj € U/Ry. Consequently, He (d) = Het (d).

(3) Itis straightforward. [
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Table 5

A multi-scale decision table.

u a' a d 0, 0, K Ko
X1 1 S 1 {1} {1, 2} 1 4/5
X2 1 S 1 {1} {1,2} 1 4/5
X3 2 S 1 {1, 2} {1, 2} 2/3 4/5
X4 2 S 1 {1,2} {1,2} 2/3 4/5
X5 2 S 2 {1, 2} {1, 2} 1/3 1/5
Xs 3 L 2 2} {2} 1 1
Table 6

A multi-scale decision table.

u a @ d aal aaz Ha K2
X1 1 S 1 {1,2} {1,2} 1/2 2/5
X 1 S 2 {1, 2} {1, 2} 1/2 3/5
X3 2 S 2 {1, 2} {1, 2} 2/3 3/5
X4 2 S 1 {1, 2} {1, 2} 1/3 2/5
X5 2 S 2 {1, 2} {1, 2} 2/3 3/5
X6 3 L 2 {2} {2} 1 1

The converse of Theorem 4 is not always true, to see following two examples.

Example 2. Table 5 gives an example of multi-scale decision table S = (U, C U {d}) which has 2 levels of granulations
and one attribute a, where U = {x1, X2, ..., X}, C = {a}. We also list the generalized decision functions and the rough
membership functions (decision distribution functions) for the two levels of granulations. It can easily be verified from
Table 5 that k = 1 is the distribution optimal scale of S, it is also the lower approximation optimal scale and the upper
approximation optimal scale. However, the maximum distribution optimal scale of S is 2. That is, in general, the maximum
distribution optimal scale of S is not less than the distribution optimal scale of S.

Example 3. Table 6 gives another example of multi-scale decision table S = (U, C U {d}) which has 2 levels of granulations
and one attribute a, where U = {x1, X2, ..., X}, C = {a}. It can be calculated that L,;1(d) = Lp(d) = (4, {x¢}) and
Hy(d) = Hp(d) = ({x1, X2, X3, X4, X5}, U), thus we see that k = 2 is the generalized decision optimal scale of S, and it
is also the lower approximation optimal scale as well as the upper approximation optimal scale. However, the distribution
optimal scale of S is k = 1. At the same time, we can check that the maximum distribution optimal scale of S is 1.

From Examples 2 and 3, we can see that there is no static relationship between the generalized decision optimal scale
and the maximum distribution optimal scale.

Theorem 5. LetS = (U, CU{d}) = (U, {aJ’-‘|k =12,...,1,j=1,2,...,m}U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. For k € {1, 2, ..., I}, then the following statements are equivalent:

(1) Ler(d) = Lea(a).
(2) Beler(d) = Belq (d).
(3) XJ_; Belck (D)) = XJ_, Belc1 (D).

Proof
“(1)=(2)".

Lek(d) = Lei(d) = R (Dj) =R (Dy), Vi € {1,2,...,1},
= P(Rex(Dj)) = P(Rc1(Dy)), Vj € {1,2,...,1},
= Bel(Dj) = Belc1(Dj), Vj e {1,2,...,1},
— Bel«(d) = Belq1(d).

“(2)=(3)". It is obvious.
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.
“(3)=(1)".Since X, Belcx(Dj) = > Belc1(Dj), we have
j=1

r r
> IRk Dp| =D [Re1 (D] (34)
j=1 j=1

Since
Rex(Dj) S Rai(Dy), Vje{1,2,...,1} (35)

we have
IRa(D)| < R (DI, ¥j € (1,2, ....1}. (36)

Hence, according to Eq. (36), Eq. (34) implies that

IRex(D)| = R (D], Vj € {1,2,...,}. (37)
In terms of Eq. (35), we must have

Rex(Dj) = Ra1 (D), Vj€{1,2,...,1}. (38)
It follows that L« (d) = Lei(d). O

Theorem 5 shows that the kth level of scale is the lower approximation optimal scale of S if and only if it is the belief
distribution optimal scale of S. Moreover, it can easily be conclude following

Theorem 6. LetS = (U, CU{d}) = (U, {a]’»‘ k=1,2,...,1,j=1,2, ...,m} U {d}) be an inconsistent multi-scale decision

table which has I levels of granulations. For k € {1, 2, ..., I}, then the kth level of scale is the lower approximation optimal scale
of S if and only if
r r
> Belek(Dj) = > Belci (D)). (39)
j=1 j=1

And (if thereisk +1 <)

> Belerr1(Dj) < > Belei (D). (40)

j=1 j=1

Theorem 7. LetS = (U, CU{d}) = (U, {a}‘|k =1,2,...,1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision

table which has I levels of granulations. For k € {1, 2, ..., I}, then the following statements are equivalent:
(1) Her(d) = He(d).
(2) Pler(d) = Pl (a).
(3) Xy Plee(Dj) = I Pl (D).
(4) ack x) = Bcl x), Vx e U.
Proof
“(N=(2)".

Hek(d) = Hei(d) = Ree(Dj) =R (Dy), Vje{1,2,...,1},
= P(Re(Dj)) = P(Ra1(Dy)), Vi€ {1,2,...,1},
= Pl (Dj) =Pl (D)), Vj € {1,2,...,1},
= Pl (d) = Pl (d).
“(2)=(3)". It is obvious.

“(3)=(1)".Since Xji_; Plcc(Dj) = Xi_; Plc1(Dj), we have

2 IR =D IRer (D). (41)
j=1

j=1
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By Eq. (23), we see that

Rc1(Dj) SR (Dj), Vjie{1,2,...,r1}, (42)
then we have

R (Dj)| < [Rex(Dp], Vie{1,2,...,r}. (43)
Hence, according to Eq. (43), Eq. (41) implies that

[Rex (D] = [Ra Dy, Vjef1,2,....1} (44)
In terms of Eq. (42), we must have

R (D)) =Ra(Dy), Vjie{1,2,...,1}. (45)

It follows that He (d) = He1(d).
“(4)=(1)". Assume that ack x) = 8(1 (x) forallx € U.Forany D; € U/Rgandy € U, it s easy to see that [y]c« N Dj #=

ifand only if j € 3C,( (y), then we have

y € Rex(Dj) = [ylex N Dj # V)
=j€ Bck )
= j€d,
= [yleo NDj # ¥
=y € Ra1 (D)).
Thus we have proved that
Rex(Dj) S Re (D). (46)
By Eq. (23), we then conclude that
Rex (Dj) = Rer (D).
“(1)=(4)". Assume that He« (d) = Hc1(d), that is,

Rex(Dj) = Re1(Dy), VDj € U/Rq. (47)
Forany x € U, since Rc1 € Rck, we have
3(1 x) C 8Ck (x). (48)

On the on the hand, for j € Vy, by Eq. (47), we have
jed, (x) = [x]lc« NDj # ¥
= x € R« (Dj)
= x € R (D))
= [x]a NDj # 0
= j€d,;X).

ck

Hence
8c,< (x) €9, (). (49)
Combining Eqs. (48) and (49), we conclude SCk x) = BC] (x)forallx e U. O

Theorem 7 shows that, in an inconsistent multi-scale decision table, the kth level of scale is the upper approximation
optimal scale if and only if it is the plausibility distribution optimal scale if and only if it is the generalized decision op-
timal scale, in other words, all the upper approximation optimal scale, the plausibility distribution optimal scale, and the
generalized decision optimal scale are the same. Similar to Theorem 6, we have following

Theorem 8. LetS = (U, CU{d}) = (U, {aj-‘|k =1,2,...,1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. For k € {1, 2, ..., I}, then the kth level of scale is the upper approximation optimal scale
of S if and only if
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r r
> Pl(Dy) = D Plei(D)). (50)
j=1 j=1
And (if thereisk +1 <)
r T
> Pl (D)) > > Plei(Dy). (51)
j=1 j=1

Theorem 9. LetS = (U, CU{d}) = (U, {a]’.‘|k =12,....1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. For k € {1, 2, ..., I}, then

Her(d) = Ho(d) = Lek(d) = L (d). (52)

Proof. Assume that He(d) = Hei(d), that is, Rk (Dj) = Rei(Dy) forallj € {1,2,...,r}. Then, foranyj € {1,2,...,1}
andy € U, we have

[ylee N Dj # B <= [yl N D; # B. (53)
Foranyj € {1,2,...,r}andx € U, ifx € Re1 (D)), by the definition, we have

Xl € D;. (54)
Since {Dj|j =1, 2, ..., r} forms a partition of U, Eq. (54) means that

lct NDj # ¥ and [ylct ND; =@, Vi #j. (55)
Then, by Eq. (53), we conclude that

W« NDj # ¥ and [ylck N D; = @, Vi # j. (56)

Consequently, [x]qx € Dj, which follows that x € R¢«(D;). Thus we have proved that R (Dj) € Rer(Dj). On the other hand,
by Eq. (23), we know that R« (Dj) © Re1 (D). Therefore R (Dj) = Re1 (Dy) forallj € {1,2, ..., r}ie Lex(d) = Lei(d). O

Theorem 9 shows that if S¥ is upper approximation consistent to S then it must be lower approximation consistent to
S. Moreover, if kq is the upper approximation optimal scale of S and k; is the lower approximation optimal scale of S then
ki1 < ky, alternatively, the lower approximation optimal scale of S is, in general, not less than the upper approximation
optimal scale of S. The next example shows that the converse of Theorem 9 is not always true.

Example 4. Table 7 gives an example of multi-scale decision table S = (U, C U {d}) which has 2 levels of granulations and
one attribute a, where U = {xq, X2, ..., X7}, C = {a}. It can be calculated that

La1 (d) = La2 (d) = (@7 {Xz, X4}’ Q)v

Hg(d) = ({X1, X3, X5, X6, X7}, {X2, X3, X4, X5, X6}, {X1, X7}),

Hp(d) = ({1, X3, X5, X6, X7}, U, {X1, X3, X5, X6, X7}) # Hqp (d),

thus we see that k = 2 is the lower approximation optimal scale of S, but the upper approximation optimal scale
of Sis 1.

In summary, if we use ki, ky, ka, km, kb, kp, and kg to represent the lower approximation, the upper approximation, the
distribution, the maximum distribution, the belief distribution, the plausibility distribution, and the generalized decision
optimal scale of an inconsistent multi-scale decision table S, respectively, then according to Theorems 4-9, we have following
equalities:

kg < ky =ky =k <k =kp, and kg < k.

Table 7

A multi-scale decision table.

U a' a® d
X1 1 S 1
X2 3 L 2
X3 2 S 2
X4 3 L 2
X5 2 S 1
X6 2 N 1
X7 1 S 3




1124 W. Wu, Y. Leung / International Journal of Approximate Reasoning 54 (2013) 1107-1129
4.3. Optimal scale selection in multi-scale decision tables with a probabilistic rough set model

In the Pawlak rough set model, the lower approximation is the union of those equivalence classes that are included in
the set and the upper approximation is the union of those that have a non-empty overlap with the set. The rules induced
by the lower approximation must be absolutely consistent or correct, namely, the classification must be completely correct
or certain. However, the definitions of approximations do not allow any errors, which rarely happens in practice. So, sev-
eral probabilistic rough set models were developed to solve these problems [5,21,20,52,59,64,65]. Probabilistic rough set
approximations were formulated based on the notions of rough membership functions which can be interpreted in terms
of conditional probabilities or a posteriori probabilities. Threshold values, known as parameters, are applied to a rough
membership function to obtain probabilistic or parameterized approximations.

Let (U, R) be a Pawlak approximation space,0 < o < f < 1,and X € P(U), the standard rough approximations were
extended to generalized probabilistic approximations by Yao and Wong [56]:

RA(X) = {x € UIP(X|[x]r) > B,

Sl1—o (57)
R (X) = {x e UIP(X[[x]p) > o},

The condition < B ensures that the lower approximation is smaller than the upper approximation in order to be consistent
with existing approximation operators. A pair of parameters («, 8) with0 < o < < 1 can be determined from a loss
(cost) function within the decision-theoretic rough set model proposed by Yao and Wong [51,56].

With a pair of arbitrary & and 8, the probabilistic approximation operators defined as Eq. (57) are not necessarily dual to
each other. By setting @ = 1 — f, then, the lower and upper probabilistic approximation operators are dual operators. On
the other hand, to ensure that the lower approximation is smaller than the upper approximation we set 8 € (0.5, 1], then

RA(X) = {x € UIP(X|[x]r) > B,

,ﬂ (58)
R™(X) = {x e UIP(X|[x]r) > 1 — B},
RB(X) and I (X) are called the S lower approximation and the 8 upper approximation of X w.r.t. (U, R) respectively, and
the pair (R? (X), Rf (X)) is called rough set with B-precision.
In the discussion to follow, we will use the dual probabilistic approximation operators.
Proposition 5. Let (U, R) be a Pawlak approximation space and 8 € (0.5, 1], then Riﬁ and RT;ﬂ
forX,Y € P(U),

satisfy the following properties:

(1) RF(X) =~ R’ (~ X).

2) RF(x) CRP(x).

(3) R'(X) = R(X), R' (X) = R(X).

@) XY= RFX) CRE(Y), R () CRP(v).

(5)05 < B <a<1= R%X) CRE(X), R (X) CR*(X).

LetS = (U,CU{d}) = (U, {a]’-‘|k =1,2,...,1,j=1,2,...,m}U {d}) be a multi-scale decision table which has I
levels of granulations. For 1 < k < Tand S € (0.5, 1], denote

5@ = (RaP01). R (D2). ... RaP (D).

Hia) = (Ra” (01). Ra’ (Da). ... Ra" (D).,

Bm _ tniB iy . <« R’ D) 59
Bdcgd)__E;Be%ADp._.gg o (59)

r r ﬁﬁ D))
p@@:g%@:;ﬁﬁi
j= =

Definition 12. Let S = (U,C U {d}) = (U, {a]’-{|k =12,...,.Lj=1,2,..., m} U {d}) be an inconsistent multi-scale
decision table which has I levels of granulations. Fork € {1, 2,...,I} and B8 € (0.5, 1], we say that
(1) sk = (u,cku{d}) = (U, {a]’-‘[j =1,2,..., m} U {d}) is B lower approximation consistent to S ing,c(d) = Lcﬂ] (d).
And, the kth level of scale is said to be the 8 lower approximation optimal scale if Sk s B lower approximation
consistent to S and S¥*7 (if there is k + 1) is not B lower approximation consistent to S.
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(2) k=, cku{d)) = (U, {a]’f[i =1,2,..., m} U {d}) is B upper approximation consistent toSifHCﬂk(d) = Hgl (d).
And, the kth level of scale is said to be the 8 upper approximation optimal scale if S¥ is 8 upper approximation
consistent to S and S¥*71 (if there is k + 1) is not B upper approximation consistent to S.

(3) Sk = (U, cku{d)) = (u, {aJ’-‘U =1,2,..., m} U {d}) is B belief distribution consistent to S if Bel’, () = Bel’, (d).

And, the kth level of scale is said to be the 8 belief distribution optimal scale of S if S is 8 belief distribution consistent
to S and Sk+! (if there is k + 1) is not B belief distribution consistent to S.

(4) sk = (U, ckuU {d}) = (U, {a]’-{[j =1,2,..., m} U {d}) is B plausibility distribution consistent to S if Plgk (@) =
Plg1 (d). And, the kth level of scale is said to be the 8 plausibility distribution optimal scale of S if Skis B plausibility
distribution consistent to S and S¥*1 (if there is k 4 1) is not B plausibility distribution consistent to S.

Theorem 10. LetS = (U, CU{d}) = (U, {a}‘|k =1,2,...,1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. Fork € {1,2,...,1} and B € (0.5, 1], then

(1) LE(@) = 17, (d) = Bell’,(d) = Bel’, (a).
(2) HE(d) = HE, (d) = Pl () =PI ().

Proof. It follows directly from the definitions. [

Theorem 11. LetS = (U, CU{d}) = (U, {a]’-‘lk =1,2,...,.1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. For k € {1,2,...,I} and B € (0.5, 1], let

‘Bck = min legraser(Dj“X]ck)'X € U] ,

:30 = min{ﬁck s ’3C1 }
If Bo > 0.5, then

(60)

(1) For B € (0.5, Bol, ifSk is B lower approximation consistent to S, then S is maximum distribution consistent to S.
(2) For B € (0.5, ,BC1 1, if Sk is maximum distribution consistent to S, then S¥ is B lower approximation consistent to S.

(3) For B € (0.5, Bo], the kth level of scale is the maximum distribution optimal scale of S if and only if k is the B lower
approximation optimal scale of S.

Proof

(1) If S is B lower approximation consistent to S and 8 € (0.5, Bo], then Rckﬁ(Dj) = Rgﬁ (D) forallj € {1,2,..., 1}
For any x € U, we know from By > 0.5 that both Ya (x) and Yo (x) are singletons. Then, we have

Dj € v, (x) = P(Dj|[X]a1) > fo = P(DjIIx]c1) = B
:>XGRL1/3(DJ-) :>x€@ﬁ(Dj)
— P(D)|[Mle) = B = Dj € 7, (),
and
Dj € ¥, () = PDj|[x]ex) = fo == P(Dj|[xlc) = B
= xeR#(D) = xeRaP(D)
— P(O)|[Mc) = B = Dj € ¥, ().

Therefore Yo x) = Ya (x) for all x € U, which follows that S¥ is maximum distribution consistent to S.
(2) Assume that S¥ is maximum distribution consistent to S, then for any x € U, we have Yo x) = Ve (x). Denote

J([X]ee) = {yler € U/Rar|lyler S [X]ee}-

Since Rc1 C Rex, it can easily be verified that 7 ([x]«) forms a partition of [x].
Foranyj € {1, 2, ..., r}, we have
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X e RL/B(DJ') = P(Dj|[X]c1) >pB>05
i J/C1 (X) = {Dj}
= v, () = {Dj}.

If[yler € J([X]cx), then Yok x) = Y (y). By the assumption that Yo ) = Yo (y), we then have Ya y) = Yo x) =
{D;}, which implies that P(Dj|[y]c1) > B.. > B.Thus we have

P(DjI[X]ct) = (Z{Iller NDjlIIyla € T([x]c)}) /IXIE]
= > [Pl - P I € 7000
> -2 | Pl € 7@e0| = 5.

Consequently x € Rcx p (D)), from which follows that
R’ (D) € R (D). (61)
Conversely, for any x € U, since
x € RaP (D)) = P(D|[x]ex) > B > 0.5
- VC“ (X) = {D]}
= ., (0 = {Dy),
we have

P(Djl[x]c1) = max P(Djllxlc1) = B, > B. (62)
ie{1,2,...,r}
Then, by the definition, we have x € R¢1! p (Dj), and consequently,
ReP (D)) € R’ (D). (63)

Thus, from Eqs. (61) and (63), we have proved that Rckﬂ(Dj) = Rclﬂ(Dj) forallj € {1,2,...,r}, thatis, skis B lower
approximation consistent to S.

For 8 € (0.5, Bp], we can conclude from (1) and (2) that S is maximum distribution consistent to S if and only if Sk
is B lower approximation consistent to S. Therefore k is the maximum distribution optimal scale of S if and only if k
is the 8 lower approximation optimal scale of S. []

—
w
—

Theorem 12. LetS = (U, CU{d}) = (U, {a}‘|k =1,2,...,1,j=1,2,..., m} U {d}) be an inconsistent multi-scale decision
table which has I levels of granulations. Fork € {1, 2, ...,I} and B € (0.5, 1], let

o, = min {P(Dj|[x]c)|x € U, Dj N [X]cx # B}
= min{P(Dj|[x]cx)|x € U, P(Dj|[x]cx) > O}, (64)

oy = min{ozc1 SO 1.

ck

Then

(1) For B € (1 — ap, 1], if Sk is generalized decision consistent to S, then S¥ is B upper approximation consistent to S.
(2) Forp e (1 — o s 1), if Sk is B upper approximation consistent to S, then Sk is generalized decision consistent to S.

(3) For B € (1 — «p, 1], k is the generalized decision optimal scale of S if and only if k is the 8 upper approximation optimal
scale of S.

Proof

(1) IfS¥ is generalized decision consistent to S, that is, 8ck x) = 8C1 (x) forallx € U.Then, foranyj € {1, 2, ..., r}, notice
that

j€9,x) <= DjN[xlex # # <= P(Dj|[x]cx) > 0, (65)
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we have

x € R’ (D) => P(Dj|[X]cx) > 1 — B = Dj N [X]ox # 0
—jed, () =jcd,®
= DiN[xlet # ¥ = PDjl[x]c1) Z o, Za0>1—p
— x e Ra7(D)).

Conversely,

x € RaP (D) = P(Dj|[X]c1) > 1— B ==j € 31 (x)
= j € dou(x) = D N [X]x # 0
= P(Dj|[X]ck) = o, = o > 1-8
= x e Ra" (D).
Thus we have proved thatR?k’3 (D)) = Eﬁ (Dj)forallj € {1, 2, ...,r},thatis,S¥is B upper approximation consistent

to S.
(2) Assume that S¥ is B upper approximation consistentto S. For 8 € (1 —«

@ﬂ(Dj) forallj € {1,2,...,r}.Then, forany x € U,

1], by the definition, we have RTkﬂ (D)) =

ck?

j€d,x) = PDjllxle) Za, >1—p
— xR’ (D) = x e R’ ()
= P(Dj|[X]c1) > 1— B =jed, (.

It follows that Bck (x) C 8C1 (x). On the other hand, by Eq. (33) we see that 8C1 (x) C Bck (x). Thus we have proved that
acl x) = ack (x) for all x € U, that is, S¥ is generalized decision consistent to S.

(3) For B € (1 — ap, 1], we can see from (1) and (2) that sk is generalized decision consistent to S if and only if S¥ is B
upper approximation consistent to S. Therefore k is the generalized decision optimal scale of S if and only if k is the
upper approximation optimal scale of S. []

5. Conclusions

In rough-set data analysis, each object can only take on one value under each attribute in almost all information tables.
However, in some real-life applications, one has to make decision with data measured at different levels of granulations.
That is, an object may take on different values under the same attribute, depending on at which scale it is measured. In
this paper, we have introduced the concept of multi-scale information table from the perspective of granular computation
which has different levels of granulations. In such a system, each object under each attribute is represented by different
scales at different levels of granulations having a granular information transformation from a finer to a coarser labelled
value. We have also defined lower and upper approximations with reference to different levels of granulations in multi-
scale information tables and examined their properties. We have further discussed optimal scale selection with various
requirements in multi-scale decision tables with the standard rough set model and a dual probabilistic rough set model,
where the rough membership functions and the belief functions are employed to measure uncertainty. With reference to
the optimal levels of granulations, one can analyze corresponding knowledge acquisition in the sense of rule induction in
multi-scale decision tables. Finally, we have presented relationship among different notions of optimal scales in multi-scale
information tables. For further study, new approaches to granular representation and new models for knowledge acquisition
in complicated multi-scale information tables such as incomplete information tables, fuzzy information tables, set-valued
information tables, interval-valued information tables need to be formulated in future studies.
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