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Abstract -A new measure of the citation speed of scientific publications based on a stop- 
ping time approach is proposed. A short theoretical introduction shows the mathemat- 
ical exactness of the applied methods. The citation rate for papers published in 1980 has 
been recorded in the period 1980 through 1989 in three science fields. A sequence of the 
ith Harmonic Mean Response Times (i.e., the harmonic means of the time elapsed be- 
tween the publication date and the date of the ith (i = 1,2, . ) citation of the papers) 
is analysed. The sequences can be approximated by linear functions. This empirical rule 
leads to the assumption that the complete citation succession and the rapidness of the 
ith response are already determined by the mean of the first response. 

INTRODUCTION 

The stochastic process approach is recently one of the most versatile tools in comprehending 
and modelling bibliometric phenomena. The growing portion in the bibliometric literature 
of the second half of the 1980s reflects its increasing importance, both for theoretical con- 
siderations and for practical use, such as constructing indicators or predicting frequencies. 
In particular, the changing impact of scientific information as time elapses since a scien- 
tific paper has been published and the change of circulations of monographs and scientific 
journals in libraries as a function of time form the major topics of the published analyses. 
The main results are above all connected with two names. Sichel (e.g., 1985) has applied 
his Generalized Inverse Gaussian-Poisson Distribution (GIGP) model to different biblio- 
metric problems (author and journal productivity, citation rates, journal use, etc.). His dis- 
tribution has three free parameters, one of which depends on time. The model is therefore 
appropriate to reflect phenomena subject to the lapse of time. Burrell (1988) has used mix- 
tures of Poisson processes and a negative binomial process (1990) to analyse predictive as- 
pects of some bibliometric processes. Recently, Glanzel and Schubert (1991) have used a 
nonhomogeneous birth process to show the predictability of mean citation rates and cita- 
tion frequencies. A further interesting aspect that was not yet analysed is the succession 
(e.g., of citations to a given publication set) of papers published by a group of authors and 
of circulations in a library. Especially citation and circulation successions are of great prac- 
tical importance. A first attempt to define an indicator connected with citation succession 
was the Mean Response Time (MRT) by Schubert and Glanzel (1986). The indicator, an 
exponential mean of the time of the first citation a set of papers receives, was originally for- 
mulated as an immediacy measure for journal citation speed. The indicator was applied to 
physics journals. In this paper we want to extend these previous results by defining an in- 
dicator measuring the succession speed as reflected by the ith response. The empirical prop- 
erties of the indicator sequences will be demonstrated by several examples. Beforehand, a 
short theoretical introduction into special random variables in connection with stochastic 
processes is, however, indispensible. 
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1. THEORY 

1.1 A concise course on stopping times 
Consider a set of papers published in certain scientific journals during a given time pe- 

riod. We assume that this time period is short enough to be considered a single point s on 
the real-time scale. Without the loss of generality we put s = 0. Let X(t) (t 2 0) denote 
the number of citations the papers in question receive during the time span t after their 
dates of publication. The (random) number of citations (X(t)),,o can then be considered 
a stochastic process (cf. Glanzel & Schubert, 1991). Under the assumption of particular un- 
derlying models this approach yields revealing results, concerning for instance certain pre- 
dictive aspects (cf. Burrell, 1988, 1990; Glanzel & Schubert, 1991) or the estimation of 
annual citation rates (cf. Sichel, 1985). We now take up the random succession of citations 
the papers have received during a certain time span t. First of all we define some necessary 
tools. The process is assumed to be continuous in time. We further assume that the real- 
izations of the process are continuous from the left (i.e., X(t+) = X(t) almost every- 
where). Let T; denote the shortest time period t during which the papers have received 
exactly i citations (i.e., T = min( t : X(t) L i IF’). Random variables of this type are called 
“stopping times.” The measurability of the events T < t or T I t, respectively, for each 
i > 0 and every t E [O,oo ] is obvious. In particular we have 

P(T < t) = P(X(t-) 1 i), (1) 

provided t > 0. Here two important properties should be stressed. 
1. Due to the right-continuity property we have 

P(T 22 t) = P(X(t+) 1 i) 

for every t < 00 and i > 0. 
Hence we obtain 

(2) 

P(c = t) = P(X(t) 2 i) - P(X(t-) 2 i), (3) 

which may differ from zero only at the discontinuity points of the process X(t). 
2. T can take the value +oo with positive probability. In particular we have 

P(T = +03) = P(X(o3) < i), (4) 

which may differ from zero according to whether the limiting distribution P(X(o0) = i) 
(i = 0,1,2,. . . ) of the process X(t) is degenerated or not. 

The second property reflects the fact that a certain portion of papers may remain un- 
cited; in other words, the probability that a paper will never be cited can be greater than 
zero. Instead of the continuous process as defined above, a discrete version of it is much 
more convenient in practice, namely, 

Y(t) = xutl) = x(t,), (5) 

where t, = [t] denotes the integer part of the real argument t. Therefore Y( t,) = X( t,) 
holds for all non-negative integers. In practice, to = s is usually the year of publication, tl , 
12,. . . is the sequence of the years subsequent to the publication date. According to the 
above definitions we have 

ytt,+) = ytt,) 

and 

yttn-) = yttn-I) 
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and consequently, 7; here takes non-negative integer values. Hence 

P(T = t,) = P(Y(t,) 2 i) - P(Y(t,_, 1 i) (6) 

follows. For reasons of completeness we define To := to. Finally we will make one single 
correction for practical use. Though in the continuous case P(X(0) > 0) = 0, we assume 
in the discrete case P( Y( to) > 0) L 0. This is a consequence of the former assumption that 
to = s is not a single point, but a shorter time period which may, as mentioned above, in- 
clude a complete calendar year. Therefore the probability that a paper may be cited dur- 
ing this year can be assumed to be positive. Thus we have 

P(7; = t,) = P(Y(tO) 2 i), 

which is exactly 1 if i = 0 (cf. the above definition of To). Herewith we have introduced all 
theoretical tools based on which the following analysis can be performed. 

1.2 “Stopping time” indicators 
If we attempt to derive particular distribution formulae for the random variables 

7; (i > 0) from the original distributions of the stochastic process Y( t,,), we are faced with 
several technical difficulties. 

The first technical problem arises when we calculate the probabilities P(7; = t,) for 
i > 0 (compare eqns (3), (4), and (6)). The resulting formulae in most cases take the form 
of finite sums, and are thus not very “handy.” Secondly, the time behaviour of the discre- 
tized process often cannot be expressed by simple closed formulae. We therefore renounce 
the assumption of any particular underlying model. Equation (6), however, yields a use- 
ful tool for determining the time when a paper receives its ith citation. Thus the empiri- 
cal estimates of the probabilities P( Ti = t,,) can be derived from the ordinary citation rate 
distributions based on observations during t,_, and t,. The first simple indicator which 
can be defined with the help of the stopping time approach is the Mean Response Time 
(MRT). MRT was introduced by Schubert and Glanzel (1986) as an indicator of citation 
immediacy. Since the response time of all papers having received no citations in the obser- 
vation period is to be taken as infinite, any arithmetic average is unsuitable in forming a 
response indicator. Therefore MRT is defined as the “exponential average” of the time of 
the first citation. The indicator was based on an observation period of five years, starting 
with the publication year. 

MRT = -ln(fO +f,e-’ +&e-* +f3eP3 +f4eP4) 

= -In(G,(O) + Gr(l)(e-’ - 1) + G1(2)(e-* - e-‘) + G1(3)(eP3 -e-*) 

+ Gr (4)eP4), 

wheref, is the relative frequency of papers receiving their first citation in the tth year, and 
G, (t) is the portion of papers that have received at least one citation during the first t 
years from their dates of publication. This approximation does not cause considerable er- 
rors in any regard. Firstly, the probability of being cited for the first time later than five 
years after publication is very small; secondly, with regard to aspects of immediacy, it is 
quite indifferent to have received the first citation after 10, 2.5 years, or not at all. Thirdly, 
the exponential formula expresses these two arguments by decreasing the weight of 
latecomers: 

e --I 3 e-m = 0 for t 2 5. 

It can be readily shown that MRT is an asymptotically unbiased estimator of the log- 
arithm of the exponential expectation, that is: 
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where T, is the stopping time as defined above. In order to uncover an interesting prop- 
erty of response and citation succession, we first of all define the ith Harmonic Mean Re- 
sponse Time (HMRTi) as the harmonic mean of the ith response: 

HMRTi = 2 G,(t) ;,“i:‘- 1) -1 

+ Gi(0) - 1, 
f=l 

where Gi( t) is the relative frequency of papers that have received at least i citations dur- 
ing time t, and n is a suitable maximum time period for observations. HMRTi obviously 
estimates the expectation ratio 

1 

E(l/(l + T)) 
_ , = E(T,/(l + T)) 

E(l/(l + F)) ’ 

As in the case of MRT, the transformation makes sure that HMRTi takes values on the 
non-negative half of the real axis and that HMRTj is an ascending function of the ith re- 
sponse (i.e., a greater HMRTi value corresponds to a greater response time). 

2. EXAMPLES 

In order to illustrate the applicability of the above theory and to derive some empiri- 
cal regularities, we use three samples we have already analyzed in connection with predic- 
tive aspects of citation processes (Gl%rzel & Schubert, 1991). All data used for the analysis 
were taken from the Corporate and Citation Index Files of the SCI@ database of the In- 
stitute for Scientific Information (ISI, Philadelphia, PA, USA). All papers indicated as re- 
search articles, letters, notes, and reviews were taken into consideration. Papers published 
in 1980 were selected and all citations received by them in 1980 and the subsequent nine 
years have been counted. The following three sample source publications have been chosen: 

1. all papers of the above type published in 1980 in the Journal of the American 
C~e~~cffl Society (JACS) representing the science field chemistry, 

2. all papers published in 1980 dealing with problems of physics of condensed mat- 
ter (CMPH) (i.e., in journals classified by Garfield into this Subject Category) (see, 
e.g., SC’1 Annual Guide, 1980), and 

3. all papers published in 1980 in the journal Lancet representing the life sciences. 

Tables l-3 present the absolute frequencies of those papers that have received their ith 
citation in the tth (t = O,l, . . . ,9) year after their publication. According to the above con- 
siderations, these frequencies coincide with the absolute frequencies of those papers that 
have received at least i citations during I years, but fewer than i citations still one year 
before. 

Table 1. Absolute frequency distribution of the year of the ith response (7;) 
for 1916 uauers published in JAGS in 1980 

t 7-1 T2 7-3 T4 TS T6 Tl TS T9 Tie 

0 763 370 184 89 54 40 23 13 7 4 
1 947 1061 938 791 641 473 389 306 230 189 
2 157 350 518 628 650 681 642 597 557 501 
3 22 66 127 159 221 269 287 319 329 322 
4 5 18 45 76 102 135 162 176 193 216 
5 4 10 27 44 69 69 88 98 I14 118 
6 3 2 10 18 25 41 54 58 16 97 
7 1 8 11 10 18 34 36 41 51 55 
8 3 5 5 9 13 13 30 39 44 51 
9 0 1 2 6 11 11 23 28 24 21 

>9 11 25 49 86 112 150 182 235 291 342 
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Table 2. Absolute frequency distribution of the year of the ith response iTi) for 7414 papers 
concerned with physics of condensed matter and published in 1980 

57 

t 2-3 T, rs 7-4 7; T6 T1 T8 ;r, TIO 

0 1345 416 146 61 23 12 4 3 1 0 
1 2844 2102 1420 981 718 505 390 280 208 164 
2 1215 1360 1240 1062 894 779 644 574 491 414 
3 476 709 796 804 723 641 564 459 431 410 
4 207 389 463 445 456 433 411 388 335 298 
5 150 231 283 301 343 341 349 325 298 285 
6 90 158 187 238 235 212 206 225 225 188 
7 83 115 158 174 164 194 186 208 203 194 
8 65 89 135 139 167 161 164 145 170 153 
9 35 58 78 99 81 119 10g 89 87 106 

>9 904 1787 2510 31IO 3610 4017 438X 4718 4965 5202 

The relative frequency of T,, = 9 aiready changes between OS% ffACS) and l.S% 
(CMPH). This may illustrate that statistical functions for T;: based on 10 years citation ob- 
servation are not suitable for reliable studies if i > 10. In arder to visualize this phenome- 
non we have contrasted the HMRT; values, which were calculated based on a IO-year 
citation period, with estimates determined based on a S-year observation. Figures 1-3 show 
the results for the three samples. The deviation between each function pair grows with in- 
creasing i. Nevertheless, the f/KS and Laplcet data based on 10 years of observation seem 
to form an almost perfect straight line, starting from the origin of the coordinate system. 
The points (is HMRT,) of the CMPH data form a slightly convex curve which can, how- 
ever, also be approximated by a straight line (see Fig. 4). Table 4 presents ah HMRT; data 
(i 22 163) in particular. 

Based on the data presented by Table 4 and Figs. l-4, the formulation of the foIlow- 
ing empirical rule seems to be justified. HMRT; may be approximated by a linear function 
of the form a-i -I- b if i is small (i 5 10) and the observation period is great enough (10 years 
may be sufficient). Furthermore, b can be equated with 0, since E(TO/(l + To)) = 0 by 
definition. Thus we obtain 

HMRTi - a-i, i = 0,1,2, . . ~, 

where a is a positive real constant characterizing the response succession as reflected by ci- 
tations, The reciprocal I/a expresses the speed of the successive responses, and therefore 
will be calIed Average Rapidness of Citation Succession (ARCS). Table 5 presents the in- 
dicator values Mean Response Time, first Harmonic Mean Response Time, the average ci- 
tation succession time (a), and ACRS (= l/a). 

Table 3, Absolute frequency distribution of the year of the ith response (T,) 
for 2286 papers published in Lancrl in 1980 

0 721 311 141 75 47 33 22 17 14 10 
I 611 54s 458 393 315 255 211 $79 I45 122 
2 204 260 263 253 231 228 201 131 188 189 
3 82 119 156 150 162 136 149 134 119 94 
4 57 81 75 80 86 96 89 92 102 99 
5 35 59 60 67 67 sg 65 63 58 66 
6 26 33 45 47 47 5.5 42 45 36 43 
7 10 20 
8 11 32 

;z 31 33 43 39 32 38 27 
22 30 25; 26 24 25 37 

9 4 4 18 22 22 26 21 18 22 16 

>9 525 822 1019 1146 1246 1331 1421 1491 1539 1583 
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Fig. 1. Empirical HMRTi values based on five- and ten-year citation observations as a function of 
the ith response (JACS papers published in 1980). 
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Fig. 2. Empirical HMRTi values based on five- and ten-year citation observations as a function of 
the ith response (CMPH papers published in 1980). 
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Fig. 3. Empirical HMRT, values based on five- and ten-year citation observations as a function Of 
the ith response (Luncet papers published in 1980). 
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Fig. 4. Empirical and estimated HMRTi data based on ten-year observations for three samples. 
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Table 4. Empirical HMRTi values based on five- and ten-year citation observations for all three samples 

JA CS Lancet CMPH 

i 10a 5a 10a 5a 10a 5a 

0 @.W (0.W (0.00) (0.W (0.W (0.W 
1 0.48 0.48 1.01 1.03 1.19 1.22 
2 0.84 0.85 2.10 2.19 2.21 2.41 
3 1.19 1.21 3.21 3.41 3.42 3.75 
4 1.52 1.56 4.25 4.58 4.59 5.20 
5 1.79 1.87 5.23 5.74 5.80 6.79 
6 2.08 2.21 6.19 6.89 7.13 8.62 
7 2.31 2.58 7.28 8.16 8.55 10.64 
8 2.10 2.99 8.24 9.29 10.17 13.08 
9 3.06 3.41 9.21 10.47 11.82 15.72 

10 3.38 3.92 10.23 11.89 13.59 18.40 

Table 5. Indicators based on the stopping time approximation for three scientometric samples 
(based on 10 years citation observation) 

JACS CMPH L.ancet 

MRT 0.52 1.05 0.85 
HMRT, 0.48 1.19 1.01 
iCSR 2.83 0.35 0.69 1.25 0.96 1.04 

3. CONCLUSION 

The somewhat surprising linearity behaviour of the harmonic mean response times per- 
mits the conclusion that the citation succession of scientific publications on different sub- 
jects is determined by the time of the first response. This contradicts any interpretation 
according to which the first citation cannot be considered to be significant, for example, 
because the first response is often a self-citation. The observed empirical rule concerning 
the HMRTi sequences guarantees that the HMRT, (and as a consequence the MRT, too) 
is an “immediacy” indicator indeed. As already stressed by Schubert & Glanzel(1986), an 
(H)MRT value less than 1 reflects a rapid response, whereas a (H)MRT value greater than 
1 corresponds to a slower one. The inverse relations hold for the ACRS. Thus the journal 
Lancet ranks with “fast” journals, and the journal JACS has an extremely high immediacy. 
The moderate immediacy of the papers published in physics of condensed matter is obvi- 
ously due to the heterogenity of the subject field. 
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