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1. Introduction

An increasing number of statistical and data mining problems involves analysis of data that are indexed by more than one
way. This type of data is often called the multidimensional matrix, multi-way array or tensor [2]. Recently high-dimensional
tensor data have become prevalent in many scientific areas such as genomics, biomedical imaging, remote sensing, biblio-
metrics, chemometrics and internet. Take a two-way n x p data matrix as an example, if n samples are not independent,
their correlations should be taken into consideration in statistical modeling, which leads to a transposable matrix [1]. In
genomic experiments, gene expression data are often collected at different time points during the cell cycle process and
under varying experimental conditions. This gives rise to a 3-way tensor data [8]. In social-economics studies, export of
commodity k from country i to country j at year t [4] defines a three-way tensor data.

Statistical methods for tensor data analysis are limited. Omberg et al. [8] developed tensor higher-order singular value
decomposition for integrative analysis of DNA microarray data from different studies. Tucker and parallel factor analysis
(PARAFAC) are useful methods for tensor decomposition [5]. When modeling high dimensional tensor data, a separable co-
variance matrix structure is often assumed. Such a separable structure on the covariance matrix can dramatically reduce the
dimension of the parameter space. Consider a four-way tensor data, suppose that the dimensions are m; = m, = m3 = 100

* Corresponding author.
E-mail addresses: jyin@ruc.edu.cn, jianxinyin@gmail.com (J. Yin).

http://dx.doi.org/10.1016/j.jmva.2014.03.007
0047-259X/© 2014 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmva.2014.03.007
http://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2014.03.007&domain=pdf
mailto:jyin@ruc.edu.cn
mailto:jianxinyin@gmail.com
http://dx.doi.org/10.1016/j.jmva.2014.03.007

166 S. He et al. / Journal of Multivariate Analysis 128 (2014) 165-185

and my4 = 10. The nonseparable model requires a joint covariance matrix of 107 x 107 entries, while the separable model re-
quires only three 100 x 100 matrices and one 10 x 10 matrix for each way. The joint covariance matrix is simply the Kronecker
product of the matrices over all dimensions. The ratio of dimension between two models is almost of the order of 10'°.

In this paper, we consider sparse modeling of the precision matrices of K-way tensor data, assuming a separable covari-
ance matrix structure. The corresponding precision matrices define graphical models for tensor data. In many applications,
sparsity in each of the corresponding precision matrices can be assumed to facilitate the interpretation. In addition, tensor
normality is a natural assumption for the data distribution when the data are continuous [4]. With the separability assump-
tion on the covariance matrix, the joint covariance matrix of the vectorization of the tensor can be obtained by a Kronecker
product of K covariance matrices.

When K = 2, the 2-way normal tensor data are also called matrix normal data. Yin and Li [13] discussed the sparse
model selection and estimation for the matrix normal distribution using a penalized likelihood approach with Lasso and
adaptive Lasso penalties. In their work, the dimensions for row and column can diverge to infinity when the sample size
goes to infinity. Other related works in modeling matrix-normal data include [1,16,15,12].

In this paper, we generalize the work by Yin and Li [13] to K-way tensor data and focus our work on graphical model
selection and estimation. We develop a penalized maximum likelihood estimation with an adaptive Lasso penalty. The con-
sistency and oracle property are obtained when the tensor dimensions hold fixed. In addition, we derive the rate of conver-
gence and prove sparsistency of the estimates when the dimensions diverge with sample size going to infinity. We further
show that the effective sample size for estimating the covariance matrix in each way of the tensor is the product of the num-
ber of independent samples and the dimensions of the other K — 1 matrices. It is worth noting that this effective sample size
is usually very large, hence the convergence is quite fast and the high dimension is actually a bless. Our simulation study
demonstrates the high accuracy in estimating the precision matrices with small sample size N.

The rest of the paper is organized as follows. A brief summary of multi-way tensor data is presented in Section 2. Section 3
introduces the definition of the array normal distribution of [4] and its estimation in high dimensional settings. The convexity
and optimization of the objective function is discussed in Section 4. In Section 5, the asymptotic properties are derived both
for the case of fixed dimensions and the case of diverging dimensions when the sample size goes to infinity. A Monte Carlo
simulation study is presented in Section 6. Finally, a 3-way tensor data set on gene expressions [8] is analyzed in Section 7.

2. Multi-way tensor data structure and operations

This section presents a brief summary of multi-way array data or high order tensor data [4,2]. Tensor data are higher
order parallels of vector and matrix. Entries in a vector can be indexed by a single index set, while a matrix is indexed by
two sets (row and column). In the following presentation, we use non-bold italic letters for scalars, bold-faced lower case
letters for vectors, and bold-faced capitals for matrices and the multi-way tensor. For a matrix A, we use a(j) to denote its
j-th column, a[i] its i-th row, and A(i, j) its (i, j)-th element. Standard matrix identities and inequalities used in this paper
can be found in [9].

A K-way tensor is an arrangement of elements, which is indexed by K sets. Suppose Y is a K-way tensor with dimensions

{my, my, ..., mg}, then the total number of elements of Yis m = m; x my x --- x mg. All the elements in Y are

Vario tlke=1,2,...,m; k=1,2,...,K}.
Clearly, Y is a vector when K = 1 and a matrix when K = 2. We further introduce the notation Y(--»,iﬂ,.“)' whichisa (K — 1)-
subarray of Y. Specifically, Yoo has the same elements as Y, except that its k-th sub-index is fixed at i{. In other words,

all the elements in Y. o) are
...
{y(ilp‘_,i(k)”_”i’() tip=1,2,...,my; h=1,2,...,k—1,k+1,...,K}.

To analyze the properties of the K-way tensor, it is helpful to relate the tensor with vector or matrix. The vectorization
of Y is a vector of dimension m,

vec(Y) = (J/(l,l,l,.“,l),}’(2,1,1....,1), e Yy, 1,1,0001)

Y1,2,1,...,1,Y2.2.1,..,1)5 - - - s Y(my.2.1,...,1)
Ya,my1,..,1 Y@my, 1,1 -+« Ynymy,1,...,1)s

T
}’(1,m2.m3 ..... mK)v}’(2,m2.m3 ..... Mmg)s «« vy(ml,mz ..... mK)) .

To be explicit, ¥, ... i) is the j-th element of vec(Y) with

K k-1
1= [ = ([ Tm)]+ 1

On the other hand, k-mode matrix unfolding results in a my x (m/my) matrix, Y, whose ig—th row is [vec(Y(m o ”_))]T

foril =1,2,...,m.
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The k-mode product of am; x - - - x mg K-array Y and a n x m matrix A is a K-array Z with dimensions {mq, ..., my_1,
n, Mg41, - - - , Mg }. The product is denoted by Y x A, and the (i1, . . ., ix)-th element of Z is

I=1

The Tucker product is defined based on the k-mode product and is useful for the definition of the tensor normal distribu-
tion. For a list of matrices A = {Aq, A,, ..., A} with A, being of dimension nj x my, the Tucker product ofamq x - - - x mg
K-way tensor Y and A is

YXA:YX]A] X2A2"' XKAK.
LetZ =Y x A, then we have the following formula that connects the k-mode unfolding and the Tucker product,

T
Zip =AY(Ak ® @ A1 ® A1 ® - ® Ay) . (1)

3. Tensor normal distribution and penalized likelihood estimation
Our main method builds on the tensor normal distribution introduced by Hoff [4]. Without loss of generality, we assume

the mean is zero, and our focus is the estimation of covariance and precision matrices. The probability density function of a
tensor normal distribution with zero mean and covariances ¥ = {¥4, ..., X} is

K
PYIZ1, .. Z) = @) 2 (T 12 7™C™) x exp(— 1Y x 272 /2),
k=1

where |Y|> =3, . vh . and 2TV = {£7"2, ..., £, "*}. The tensor normal distribution is denoted by Y ~ anorm
0, ¥10X,0---0 X). This definition includes vector normal distribution (K = 1) and matrix normal distribution (K = 2)
as special cases. For k = 1, 2, ..., K, the inverse of X} is called the precision matrix or concentration matrix, denoted by
£2,.. For the purpose of identifiability, we assume
21, 1) =231, 1) = =2(1,1) =1, (2)
which requires the (1, 1) entries of £2,, £25, ..., £k to be one.
Derived from (1), some properties for the tensor normal distribution are given below.

Lemmal LetZ=Yx 2 2V=Yy @2/’ ® - @22 ®2,/ - - ®2)/*)7, and let v(j) be the j-th column of V, then
we have
m/my
M 1Y x 22 = (Vi) = Y vo) ()

j=1
= vec(Y) (2 ® - - - ® £21)vec(Y);

(i) vec(Y) N0, Xk Q@ Zx_ 1 ®--- ® X1);

(iii) Y can be expressed as

Y=2Zx X'?
. 1/2 _ 1/2 1/2
with X7/ ={¥/", ..., X/ }and Z ~ anorm(0, I ol o - - - 0 Ix).
Assuming that we have N i.i.d. observations Y1, Y, ..., Yy from a tensor normal distribution with zero mean, we are in-
terested in estimating the true covariance matrices {¥9, . . ., 22} and their corresponding true precision matrices {£2°, . . .,

!Z?(}. In high dimensional settings, under the sparsity assumption of the precision matrices, we propose to estimate these K
precision matrices by maximizing the following penalized likelihood function,

1 K N m K m

=) log(p(Yul 21, ..., 2) — > ke Y p(S2(i. ) = == log2m) + Y | —— log ||

N — — — 2 — ka

n=1 k=1 i#j k=1
L K
~ o ;‘ vec(Yn) (¢ ® - ® 21)vec(Y,) — ;Ak ;p(ﬂk(i,ﬁ), (3)
n= = 1#]
where £2,(i, j) is the (i, j)-th element of £, and A,’s are the tuning parameters. We focus on the £; or Lasso penalty p(-) = ||
and the adaptive Lasso penalty p(-) = | - |/|$2k(i, j)|¥ where £2(i, j) is a consistent estimator of §2,(i, j).
Maximizing (3) is equivalent to minimizing
K m K
Q@21 ... 20 =— ) —log|@| + SR @ - @ 2)]+ Y MY p(SG.))). (4)

k=1 "k k=1 i£]
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where S = % Z’Ll vec(Y,)vec(Y,)T. The optimization can now be expressed as
min q(ﬂ],...,.‘?’().
>0
Denote its solution by {?21, el SAZK}.
4. Optimization
The block coordinate descent algorithm can be applied to minimize q(£21, ..., £2x), which leads to local optimal solu-
tions. Fork = 1,.. ., K, we iteratively minimize the objective function with respect to one 2, while keeping the other matri-

ces 2;(j # k) fixed at current values. As a result of Lemma 1(i) and identity (1), minimizing (4) on a specific £y is equivalent
to minimizing

my .
3 (R2e) = — log | 2| + trlSei] + M- — Y p($2(i. ) 5)
m
with § = & Z',Ll Vg [Vao 1™ and Vi is the k-mode matrix unfolding of the tensor
1/2 172 1/2 1/2
Vi=Yox (2% .., 27 L 2% . ... 2

The optimization problem (5) can be solved by the glasso algorithm of Friedman et al. [3]. Through minimizing on £2;
iteratively, this procedure decreases the objective function after each iteration and eventually converges to a stationary
point [11].

The algorithm is summarized below. Let {Slgs), .Qgs), ces !Zl(f) } be the current estimate at the beginning of the s-th
iteration.
Algorithm 1.
Ls=0and 20 =Ifork=1,2,...,K
2. Repeat
3. s:=s+1

4, Fork=1,2,...,K
5 Compute V, := Y, x 2©% where 2®¥ is the matrix list

-1 -1
{Eeked RN Feilh KA N Kofuts KESPRON fe bl Ko

6 Compute S,(f) = e Z’,Ll Vigioy [Vago 1™

7. Update 27" to 21 by solving the objective function (5).
8 End For

9. Until Convergence

10. Let @y = $2(1, 1) and @ = [];.; wj;, and output

{w - Qgs), Q;S)/a)z, el .Q,((s)/a),(}
Although the objective function q(£21, ..., ) is not convex, we show that as N — oo, the function is strictly quasi-
convex with probability 1. To see this, as N — oo, the limit of the negative log-likelihood function in q(24, ..., 2¢), is
K
m
I(2)=-) —log|@l+t((ZR®  ®ENZ% & ®2)
=1 Mk
K m
=-Y — log || + tr(Z ) - tr(Z ).
k=1 "k
With parameters z = (vec(£27)7, ..., vec(2x)")T, we find its Hessian matrix L = 8‘1’;3 . We then treat L as a block matrix.
For 1 <i,j < K, the (i, j)-th block matrix of this Hessian matrix is
m/m) x '@ 271, i=i
L_al(z)_(/l) : : !
n = 02,92] = [H tr(Eg.Qk)] x vec(E))vec(X)), i #j
keti,j
where z; = vec(£2;). Except atz® = (vec(!)?)T, AU vec(.ﬁ'l?< )T, this Hessian matrix cannot be guaranteed to be nonnega-

tive definite. We linearly transform this matrix without changing its eigenvalues. Due to the fact that the diagonal blocks of
the Hessian matrix at z° are positive definite and the following result in matrix operation [7]

vec(2))(2? @ X)vec(2)) = tr(Z22)2027) = m;
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the Hessian matrix gl(aZOT) at z° can be linearly transformed into a diagonal block matrix L' = diag{L}m), ey L/(K,K)}‘ and
. (m/m) 2} ® X9, k=1
. (m/m) 2} ® X — (m/mp)vec(ZP)vec(Z))', k=2,...,K

Clearly, its first diagonal block L (1 H is positive definite. For k = 2, 3, ..., K, its first diagonal block L(k K has eigenvalues

with the following properties:
(E1) One equals 0, with eigenvector vec(ﬂg);

(E2) The others are positive, with eigenvectors v satisfying vec(ﬂg)Tv =0.
Property (E1) follows from the fact that

(m/my) X ® Zpvec(2p) — (m/my)vec(Ep)vec(Z}y) vec(2y)
= (m/my)vec(Z)2)X}) — (m/my)vec(Z)tr(Xy2Y) = (m/my)vec(XY) — (m/mp)vec(Zy) - my = 0.
Property (E2) can be justified as follows. Suppose v # 0 is an eigenvector ofL(kyk) (2 < k < K) satisfying vec(.fl(,g)Tv =0,

and suppose v is its eigenvalue, then

(m/m) 2} @ Zpv — (m/m)vec(Zp)vec(Z) v =v - v.
Multiplying both sides from the left by v .12 ® SZO we get

(m/m)viv — (m/mp)v' 2) @ Lpvec(Z)vec(Z) ' v=v v 2} ® 2V,
which implies

(m/m)v'v — (m/mp)v' vec(2)vec(Z) v =v - v' 2 @ 2V
Because vec($2; 9Ty = 0 and .(22 ® Slg is positive definite, we have
m viv
— X — >0
me - vVIR)® Qv
Thus, (E2) is established.

From this, we know that =% is non-negative definite. As a result, the negative likelihood function is a convex func-
tion although not strictly convexX. Since the Lasso penalty function is strictly quasi-convex, we have the following lemma.

VvV =

0l(zg)

Lemma 2. As N — 00, the limit of the objective function (4) with parameters {21, 25, ..., 8¢} is strictly quasi-convex with
probability one at global optimizer {X9, ..., X%}.

5. Asymptotic results

This section discusses the asymptotic behavior for the optimizer of (4). Theorems 1 and 2 assume that the dimensions
(mq, my, ..., myg) are fixed, while Theorems 3 and 4 allow the dimensions (my, my, ..., myg) to diverge with sample size N.
For both scenarios, a fast rate of convergence can be guaranteed and the true sparsity pattern of each precision matrix can
be recovered by using the adaptive Lasso penalty with probability tending to 1.

For the multi-way tensor normal distribution, the effective sample size for estimating 522 is asymptotically m/m; - N,
which is larger than N. In fact, if .Q?(l # k)’s are known, the correlation on the [(#k)-th mode can be removed, the columns
of the k-mode matrix unfolding can be treated as the i.i.d. samples from the corresponding vector normal distribution, and
these column vectors can be pooled together to estimate 522. This can be stated precisely in the following lemma. It helps to
explain the fast convergence rate in Theorems 2 and 3 and is used in the proofs.

Lemma 3. Let Yq, Yo, ..., Yy be Niid. observations from tensor normal distribution anorm(0, 2? o Eg 0---0 22), and suppose
{29, ... %) . %0, ..., X%} are known and X is unknown, then the columns v3*(j) of

1/2 1/2 1/2 1/2
v =y (@) o (@) e (@) e (2)]
are i.i.d samples from my-vector normal distribution N (0, E o), and

N
my ko]
s,<=N'mng[v2] -

n=1 n=1 j=1

N m/my

SOOI (6)

estimates 22 with sample size (m - N) /my. Furthermore, it holds that for some matrix Ry,

m
- (vec(Sk) — vec(2})) — N(0, Ry)
k

for fixed m, fixed m; and N — oc.
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Next, Theorem 1 shows the consistency of estimators from (4) with Lasso penalty when the dimensions (my, m, ..., my)
are fixed. The tuning parameters may change with sample size N, but we omit the subscript N for simplicity.

Theorem 1 (Consistency). For k = 1,2, ..., K, assume VN, — Aok for some constants Agx > 0, and Y1, Y2, ..., Yy are N
i.i.d. observations from tensor normal distribution anorm(0, E? o Eg 0 X () then there exists local optimizer {!21, .. SZK}
of (4) with the €1 norm penalty such that:

VN{(®1, ..., 20) — (25, ..., 2%)} —>qargming, _y, &WUi, ..., Ug)

where
K

1
g, U = o y o e TUUED + Z
k=1 i<j

IOt (U; X))

K
+o W+ i Z(Uka,j)sign(:z,?(i,j))l{szf(i,j) # O} + Ui, DI (G, ) = 0}),
k=1 i%]

W is subject to standard normal distribution N(0, 1) and

K

2m
0% = 2 —tr(UkZOUkE )+ §
k= mk i#j

DU X)),

With a slight modification of the proof of Theorem 1, we can show that the consistency also holds for the solutions of (4)
with adaptive Lasso penalty. The adaptive penalty is introduced for selecting the non-zero entries in the precision matrix
and achieving optimal efficiency for them. For k = 1, 2, ..., K, define the active sets <, = {(i,]) : .Q,?(i,j) # 0} as the set
of indices corresponding to non-zero entries in £2J.

Theorem 2 (Oracle Property). Consider (4) with adaptive Lasso penalty, and let y > 0 be a constant and ka be N'/2-consistent
estimators. When ~/Ni, — 0and NY*tD/2), — oo for k = 1,2, ..., K, there exist local solutions of (4) satisfying the oracle
property:

(1) Fork=1,2,...,Kandall (i,)) € <, .Qk(l Jj) = 0 with probability tending to 1.

(2) For k= 1,2, ..., K and elements indexed by (i, j) € <,

—~ m, T
wmn—wanwa5ﬂw®numjmhw®a&%J)

where Ry, is defined in Lemma 3, vec(?z,< — Q}z)dk is a sub-vector of vec(ﬁk — szg) with only elements indexed by 7 preserved;
and (2, ® 2) (es..) 18 @ sub-matrix of 29 @ 29 with all rows corresponding to < removed. That is, the I-th row of 2 ® 2
can be preserved if and only if | = my(j — 1) + i for some (i, j) € .

For the tensor normal distribution, the estimators of precision matrices converge much faster than the vector normal
case (K = 1). For the tensor case, the limiting covariance matrix for the active entry estimator is

M 0 0 T
[(ﬂk ® Szk)(dk,.)]Rk[(gk ® Qk)(g{k,-)]

while for the vector normal distribution(K = 1), the limiting covariance matrix is

T
(o)., k@), |

In the former case, the additional factor m;/m can be quite small when []; ik M is large. This explains the fast rate of con-
vergence in our simulation studies.

This fast rate of convergence is also observed when the dimensions (m, my, ..., mg) increase with the sample size N.
Results similar to [6] hold with much faster rates, as shown in Theorem 3. Again, the results are stated and proven for the
£1 penalty. Similar results hold for the adaptive Lasso penalty. Let s, = |«%| — my be the number of non-zero off-diagonal
entries in £y, which also varies with sample size N. Under some conditions, convergence in terms of the Frobenius norm
can be guaranteed for (4).

Theorem 3 (Rate of Convergence). Assume Y1,Y>, ..., Yy are N iid. observations from a tensor normal distribution anorm
0, 2%0 X900 X0), with dimensions (my, my, ..., my) diverging when sample size N goes to infinity.
In addition, for k = 1, 2, ..., K and some constants ty1, Ty, assume the eigenvalues are bounded,

0< Tk1 < )‘-mm(z ) = )‘-max(zk) < T2 < Q. (7)
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If the following conditions on tuning parameters A;'s (k = 1, .. ., K) are satisfied:

mlog my

my ) mlog my )
mN

—0(2) and A2=O<<1+7
() k sk+1 myN

then when the Lasso penalty functions are used, there exists a local minimizer (?21, ﬁz, A SAZK) of (4) such that

192 — 2812 = Oy (mi(mi + 50) log my/ (Nm)).

Because ||A|| < ||A||r for any matrix A, this rate of convergence also holds for the spectral norm. The rate of convergence
for the tensor normal distribution is (my/m)(my + si) log m,/N, which is much faster than the multivariate normal case
where K = 1. The rate in the latter case is (m; 4 s1) log m; /N, as shown in [6]. Clearly, the results also hold for the adaptive
Lasso penalty. Furthermore, with adaptive Lasso penalty, we can recover the true sparsity patterns of the precision matrices
with probability tending to one, as shown in the following theorem.

Theorem 4 (Sparsistency). Given the conditions in Theorem 3, for k = 1, . . ., K, suppose S~2k is the fi-consistent estimator for .Qg
in the sense that

Fell 2 — Rllos = 0p(D).
If {ﬁl, flz, e ﬁK} is a local minimizer of (4) with adaptive Lasso penalty satisfying

1. |12 — 212 = Opfmi(my + si) log my./(Nm)}; and
2. |2 — 29|1> = 0,(ny) for a sequence n, — 0

and if the tuning parameters satisfy

m? <mk log my,

fe mN

2
le 2
Yy 2 1 ):ox
2 + 1+ mN(mz+51) ogm )

I#k
then with probability tending to one, we have ?Zk(i,j) =O0forall (i,j) € o  andk =1,2,...,K.

Similar to [13], the sparsistency results require condition (8) to impose both a lower and a upper bound on the rates of
the regularization parameters A;’s in order to control the model sparsity and estimation biases.

6. Monte Carlo simulation studies
6.1. Comparison candidates and measurements

We evaluate the performances of the proposed penalized likelihood estimation for tensor normal data and compare this
to two naive methods using simulations.

The first naive method is an approximate maximum likelihood estimation, which is the MLE without a penalty when the
effective sample size is larger than the dimensions my's and the ¢ penalized estimate otherwise. Statistical tests are used to
select edges when the effective sample size is large. Specifically, for k = 1, 2, .. ., K, the effective sample size for estimating
522 is approximately Ny = Nm/my, where N is the true sample size. In Algorithm 1 of Section 4, if N;, > my, the inverse of Sj,
is directly used to update the estimation of £, in Step 7, which corresponds to the MLE procedure. However, when N, < my,
we update the estimation of £, through (5) with an £ Lasso penalty. When N, > my, hypothesis tests are also performed to
select edges after estimation. Let p;; denote the partial correlation between X; and X; adjusting for the remaining elements
and py denote its MLE estimator, then

! log[l + f’"] N0, 1/(n — p — 5)).
2 1 — Dy

Based on this result, fork = 1,2,...,Nandi < j, let
pj = _%
v 2,30, 821G, )
and we set ﬁk(i,j) = ﬁk(j, i) = 0 whenever N, > m; and

Zo/2
Ny —my —5

1. 11455
flo[ Ak]
2 1— pj

where zg is the upper 8 x 100% quantile of the standard normal distribution. We choose o = 0.1.
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The second naive method estimates each £2; separately with the adaptive Lasso penalty. It treats the other modes as
independent, i.e., assuming £; = I; (j # k) in the estimation procedure. In this case, Step 5 of Algorithm 1 in Section 4 is
not used and Sy in Step 6 is computed as

N
Z Yocio [Yago"-
n=1

For the penalized maximum likelihood estimation, we use the adaptive Lasso penalty with an approximate MLE as the
initial estimator $2;. The accuracy of the estimated precision matrix is measured by various matrix norms of A, = 522 — 2,

where .92 is the true matrix and ﬁk is the estimated matrix. We consider the following norms: the Frobenius norm | - ||,
the operator norm || - ||,, and the entry-wise max norm || - || In addition, the accuracy of recovering the Gaussian graph
structure is also measured. Let TP, TN, FP and FN be the numbers of true positives, true negatives, false positives and false
negatives, respectively, where the true positives are the true links on the tensor normal graphs. We define specificity (SPE),
sensitivity (SEN), and Matthew’s correlation coefficient (MCC) as

TN TP TP x TN — FP x FN

my
N-m

S =

SPE =

, = MC .
TN + FP TP + FN { (TP + FP) (TP + FN) (TN 4 FP)(TN + FN)}

6.2. Models and data generation

The sparse precision matrix .{22'5 are generated as follows. The non-zero off-diagonal elements for the upper triangle of
522 are selected independently with probability py. For non-zero elements, their values are generated from

2031, j) = 27§, i) ~ Uniform([—0.8, —0.2] U [0.2, 0.8]).

We then make £} diagonally dominant by dividing the i-throw by 1.2x Y, ; |20G, j)| fori=1,2,..., myand then setting

all diagonal entries to be 1. We symmetrize the matrix by letting 27 = [} + (2))"]/2.
The following four models are considered with sample size N = 10. These models have different dimensions and different
degrees of sparsity as indicated by py. The simulations are repeated 50 times.

1. Model 1: three-way tensor data with dimensions (30, 30, 30) and sparsity p; = p, = ps = 0.1.

2. Model 2: three-way tensor data with dimensions (6, 6, 500) and sparsity p; = 0.3, p, = 0.2, p3 = 0.005.

3. Model 3: four-way tensor data with dimensions (30, 30, 30, 30) and sparsity p; = 0.05, p, = 0.075, p3 = 0.1,p; = 0.2.

4, Model 4: four-way tensor data with dimensions (30, 40, 50, 100) and sparsity p; = 0.2, p, = 0.125, p3 = 0.1,
p4 = 0.075.

6.3. Simulation results

For all simulations, the tuning parameters are chosen based on a validation set of sample size of 10. The results are
presented in Tables 1-4. In almost all scenarios, the dimensions of the models are larger than the real sample size N = 10.
However, we observed that the estimates of the precision matrices are still very accurate. This can be explained by the
effective sample size, which is very large for each dimension of the tensor data.

For all four models considered, the proposed penalized likelihood procedure results in better estimation of the precision
matrices than the two naive methods in terms of estimation errors. For model selection, the penalized likelihood estimation
also gives better results, although the performance of the naive method that assumes independency is comparable in certain
circumstances. The effect of the effective sample sizes on precision matrix estimation is also clearly demonstrated in these
tables. For Model 1, the effective sample size is 10 x 30 x 30 = 9000 for each way of the tensor data. For Model 3, however,
the effective sample size for each way of the data is 10 x 30> = 270,000, which is 30 times larger than Model 1.1t is clear from
Tables 1 and 3 that the estimates for Model 3 are more accurate than these for Model 1. For Model 2, the effective sample
size for estimating Slg is6 x 6 x 10 = 360, which is smaller than its dimension of 500, which leads to larger estimation
errors.

7. Real data analysis

Omberg et al. [8] considered the expression levels of 4270 genes of Saccharomyces cerevisiae during a time course of
cell cycle under two different experimental conditions. Each time course was measured at 12 time points with cell cycles
synchronized by «-factor pheromone. Under the depleted condition of Cdc6 or Cdc45 (Cdc6-/Cdc45-), the DNA replication
initialization is prevented without delaying cell cycle progression. The gene expressions were also measured in the presence
of Cdc6 or Cdc45 (Cdc6+/Cdc45+-) without preventing DNA replication. In our analysis, 4720 genes are averaged on observed
values of different probes. After averaging and removing the genes with missing values, a total of 404 genes are used in our
analysis. Among these genes, 141, 97, 62, 37 and 67 genes are regulated during the G1, G2/M, M/G1, S and S/G2 phases,
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Table 1

Model 1: three-way tensor data with dimensions (30, 30, 30), sample size 10 and sparsity p; = p, = p3 = 0.1. For
each measurement, mean and standard error over 50 replications are shown. P-MLE: penalized maximum likelihood
estimates; A-MLE: approximate maximum likelihood estimates; I-MLE: penalized maximum likelihood estimates
under independency assumption. A is the difference between the true and the estimated precision matrix for

k=1,2,3.
P-MLE A-MLE [-MLE

2 1A1]lE 0.15(0.034) 0.26(0.023) 0.23(0.061)
A1 1l0o 0.09(0.018) 0.20(0.036) 0.14(0.035)
1A1]l2 0.06(0.013) 0.11(0.017) 0.10(0.025)
A1 ]oo 0.04(0.010) 0.05(0.010) 0.07(0.018)
SPE 0.95(0.010) 0.90(0.014) 0.98(0.007)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 0.79(0.028) 0.67(0.029) 0.92(0.030)

2, Az |IF 0.15(0.051) 0.25(0.037) 0.27(0.068)
142100 0.10(0.034) 0.20(0.036) 0.18(0.043)
14212 0.07(0.022) 0.11(0.020) 0.12(0.030)
42000 0.04(0.011) 0.05(0.011) 0.07(0.021)
SPE 0.99(0.002) 0.90(0.016) 0.96(0.009)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 0.99(0.007) 0.70(0.031) 0.87(0.031)

2; | A3l 0.18(0.052) 0.27(0.049) 0.28(0.067)
14300 0.11(0.027) 0.20(0.042) 0.18(0.035)
1A3]l2 0.07(0.020) 0.11(0.026) 0.12(0.027)
1Aslso 0.05(0.013) 0.05(0.015) 0.08(0.022)
SPE 1.00(0.002) 0.90(0.016) 0.96(0.010)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.008) 0.71(0.033) 0.86(0.032)

Table 2

Model 2: three-way tensor data with dimensions (6, 6, 500), sample size 10 and sparsity p; = 0.3, p, = 0.2,
p3 = 0.005. For each measurement, mean and standard error over 50 replications are shown. P-MLE: penalized
maximum likelihood estimates; A-MLE: approximate maximum likelihood estimates; I-MLE: penalized maxi-
mum likelihood estimates under independency assumption. Ay is the difference between the true and the esti-
mated precision matrix for k = 1, 2, 3.

P-MLE A-MLE I-MLE
@2 A1 le 0.03(0.012) 0.04(0.010) 0.05(0.018)
1411 0.04(0.014) 0.04(0.012) 0.05(0.021)
141l 0.03(0.011) 0.03(0.010) 0.04(0.017)
141100 0.02(0.007) 0.02(0.006) 0.03(0.010)
SPE 0.99(0.034) 0.91(0.115) 0.99(0.030)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 0.99(0.034) 0.91(0.106) 0.99(0.030)
2, 420 0.03(0.008) 0.03(0.011) 0.03(0.012)
14201 0.02(0.009) 0.03(0.015) 0.03(0.013)
14211 0.02(0.008) 0.03(0.009) 0.03(0.011)
142000 0.02(0.005) 0.02(0.005) 0.02(0.008)
SPE 1.00(0.000) 0.92(0.082) 0.99(0.013)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.000) 0.88(0.114) 0.99(0.021)
25 1 4sle 3.64(0.070) 4.82(0.114) 7.11(0.497)
1431100 0.95(0.100) 1.36(0.130) 1.82(0.158)
1431l 0.46(0.023) 0.55(0.022) 0.80(0.063)
143000 0.27(0.0378) 0.29(0.026) 0.44(0.074)
SPE 1.00(0.000) 0.98(0.001) 0.99(0.001)
SEN 0.84(0.015) 0.92(0.010) 0.58(0.023)
MCC 0.63(0.010) 0.36(0.006) 0.37(0.019)

respectively [10]. We treat this data set as a 3-way tensor data, where the first way is the gene with m; = 404, the second
way is the time point with m, = 12 and the third way is the condition with ms; = 2. In addition, each sample batch of [8]
is treated as an independent sample for a total of N = 4 samples. The original expression data are log-transformed. The
expression levels of each gene are scaled to zero mean and unit variance across the four samples.

We apply our penalized estimation using the adaptive Lasso penalty to estimate the precision matrices, where the initial
estimates are obtained using the ¢; norm penalty. The tuning parameters are selected based on a 4-fold cross-validation.
The conditional independency graph for genes that are linked is shown in Fig. 1. The genes that are regulated at the same
cell-cycle phases are colored with the same colors. It is interesting to note that genes that are regulated by the same cell
cycle phases tend to link together.
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Table 3

Model 3: four-way tensor data with dimensions (30, 30, 30, 30) and sample size 10, p; = 0.05, p, = 0.075, p3 =
0.1, p4 = 0.2. For each measurement, mean and standard error over 50 replications are shown. P-MLE: penalized
maximum likelihood estimates; A-MLE: approximate maximum likelihood estimates; I-MLE: penalized maximum
likelihood estimates under independency assumption. Ay is the difference between the true and the estimated pre-
cision matrix fork = 1, 2, 3, 4.

P-MLE A-MLE I-MLE
2 A lF 0.02(0.006) 0.04(0.004) 0.04(0.009)
A1 1100 0.01(0.003) 0.03(0.005) 0.02(0.005)
141112 0.01(0.003) 0.02(0.002) 0.02(0.005)
1A11so 0.01(0.002) 0.01(0.002) 0.01(0.003)
SPE 1.00(0.001) 0.90(0.017) 1.00(0.001)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.010) 0.50(0.035) 1.00(0.007)
2, Azl 0.02(0.005) 0.04(0.005) 0.05(0.012)
14211 0.01(0.004) 0.03(0.007) 0.03(0.007)
142112 0.01(0.003) 0.02(0.003) 0.02(0.006)
14205 0.01(0.002) 0.01(0.002) 0.01(0.004)
SPE 1.00(0.00) 0.90(0.016) 1.00(0.002)
SEN 1.00(0.00) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.00) 0.63(0.033) 0.99(0.012)
2; lAslF 0.03(0.004) 0.04(0.004) 0.05(0.010)
1 A3]l00 0.02(0.003) 0.04(0.006) 0.03(0.007)
Il A3, 0.01(0.002) 0.02(0.003) 0.02(0.004)
143000 0.01(0.002) 0.01(0.002) 0.02(0.005)
SPE 1.00(0.001) 0.90(0.016) 1.00(0.002)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.002) 0.72(0.032) 0.99(0.008)
2, Il AsllF 0.03(0.010) 0.05(0.007) 0.07(0.010)
Il Aglloo 0.02(0.006) 0.04(0.006) 0.05(0.008)
Il Agll2 0.01(0.004) 0.02(0.003) 0.03(0.005)
1A4llso 0.01(0.003) 0.01(0.002) 0.02(0.004)
SPE 1.00(0.001) 0.90(0.020) 1.00(0.001)
SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)
MCC 1.00(0.003) 0.79(0.033) 1.00(0.002)

Table 4

Model 4: four-way tensor data with dimensions (30, 40, 50, 100) and sample size 10, p; = 0.2, p, = 0.125, p3 =
0.1, p4 = 0.075. For each measurement, mean and standard error over 50 replications are shown. P-MLE: penalized
maximum likelihood estimates; A-MLE: approximate maximum likelihood estimates; I-MLE: penalized maximum
likelihood estimates under independency assumption. Ay is the difference between the true and the estimated pre-
cision matrix fork = 1, 2, 3, 4.

P-MLE A-MLE I-MLE

2 Al 0.01(0.002) 0.02(0.001) 0.01(0.002)
A1 1100 0.01(0.001) 0.01(0.002) 0.01(0.002)

141112 0.00(0.001) 0.01(0.001) 0.01(0.001)

1A11so 0.00(0.001) 0.00(0.001) 0.00(0.001)

SPE 1.00(0.000) 0.90(0.018) 1.00(0.001)

SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)

MCC 1.00(0.000) 0.80(0.030) 1.00(0.003)

2, Azl 0.01(0.002) 0.03(0.002) 0.02(0.004)
14211 0.01(0.001) 0.02(0.002) 0.01(0.002)

142112 0.01(0.001) 0.01(0.001) 0.01(0.002)

14205 0.00(0.001) 0.00(0.001) 0.00(0.001)

SPE 1.00(0.000) 0.90(0.010) 1.00(0.002)

SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)

MCC 1.00(0.000) 0.73(0.018) 0.99(0.007)

2; llAsllF 0.02(0.004) 0.03(0.002) 0.02(0.004)
1 A3]l00 0.01(0.002) 0.02(0.003) 0.01(0.002)

Az, 0.01(0.001) 0.01(0.001) 0.01(0.001)

143000 0.00(0.001) 0.00(0.001) 0.01(0.001)

SPE 1.00(0.000) 0.90(0.010) 0.99(0.002)

SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)

MCC 1.00(0.000) 0.69(0.019) 0.97(0.011)

2, Il AsllF 0.04(0.007) 0.09(0.004) 0.06(0.008)
Il Aglloo 0.02(0.002) 0.06(0.004) 0.03(0.004)

Il Agllz 0.01(0.002) 0.02(0.002) 0.01(0.002)

1A4lloo 0.01(0.001) 0.01(0.001) 0.01(0.002)

SPE 1.00(0.000) 0.90(0.004) 1.00(0.000)

SEN 1.00(0.000) 1.00(0.000) 1.00(0.000)

( )

McC 1.00(0.002) 0.63(0.008) 1.00(0.000
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Fig. 1. Gaussian graph of 150 yeast cell cycle associated genes. The colors indicate the cell-cycle phases that the genes are regulated. Green: G1 phase;
orange: G2/M; yellow: M/G1; blue: S; Red: S/G2. (For interpretation of the references to colour in this figure legend, the reader is referred to the web
version of this article.)

Fig. 2(a) shows the Raster plot of the eigenvectors of the correlation matrix derived from fz = ?22_ ! .This matrix describes
the correlation among the 12 time points during the cell cycle process. Each row of Fig. 2(a) corresponds to an eigenvector
sorted by descending eigenvalues. These eigenvectors are the x-eigengenes of [8]. The first x-eigengene represents a constant
expression level. The second eigengene represents the contrast in gene expression between the odd and even time points.
The third and fourth x-eigengenes reflect the gene expression changes during the cell cycle process. In Fig. 2(b), points are
drawn on a plane with the third x-eigengene on the # = 0-axis and the fourth on the § = 7 /2-axis, normalized together
with the fifth x-eigengene, clearly showing the periodic expression patterns of genes during the cell cycle process.

8. Conclusions and discussion

Motivated by analysis of gene expression data measured at different time points and under different experimental con-
ditions on the same set of samples, we have proposed to apply the tensor normal distribution to model the data jointly and
have developed a penalized likelihood method to estimate each way’s precision matrix assuming that these matrices are
sparse. Our simulation results have clearly demonstrated the proposed penalized estimation method results in better esti-
mates of the precision matrices and better identification of the corresponding graphical structures than naive alternatives.
Our theoretical and numerical results show that for the tensor data, the effective sample size for estimating each precision
matrix can be quite large although the independent observations are only a few. The tensor normal distribution provides a
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(a) Raster plot of the eigenvectors of the correlation matrix of the (b) Plot of the third and fourth eigenvectors on
time points. Each row represents an eigenvector. the = 0and § = 7 /2 axes.
Fig. 2. Plot of the eigenvectors of the time points correlation matrix based on the estimated time point covariance matrix Ez ﬁ_l

natural way of modeling the dependency of data indexed by different sets. If the underlying precision matrices are sparse,
the proposed penalized likelihood estimation can lead to identification of the non-zero elements in these precision matrices.
We observe that the proposed [; regularized estimation can lead to better estimates of these sparse precision matrices than
the MLEs. How to extend the proposed method to non-normal data is a future research direction.
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Appendix

Proof of Theorem 1

Proof. Let Uy, Uy, ..., Ug be K square matrices of order my, my, ..., mg respectively. Define a function fy of them to be
“om Uy U,
fn@Up, Uy, ..., Ug) = — » —log ‘SZO ‘ +— > vec(Yy) [(SZO ) ® --® (90 + —)]veC(Y )
; m Z TN "TUN '
K ..
.o Uk(”])
+Zkk2‘9£(l,])+ :
k=1 A VN

We consider the asymptotic behavior of N[fy(Uy, ..., Ux) — fy(0, ..., 0)].
Firstly, the following result is needed for analyzing N[fy (U1, ..., Ux) — fn (0, ..., 0)]. Expand the Kronecker product in
its first summation to get

1 S T 0 Uy 0 U,
< ;vec(Yn) (2% + ﬁ> @2+ ﬁ)]vec(vn)
1 1
-3 Z vec(Y) (2% ® - - ® 29)vec(Y,) = Z N(q/Z) ZVGC(Yn) Xk ® - - - ® Xp)vec(Yy). (A1)
n=1

Fork = 1,2,...,K, the X, takes the value of either 3’22 or U,. For each combination, denote g to be the number of X;'s
taking Uy. The summation in the third line in (A.1) sums all possible combinations of X;’s value. For example, the following
corresponds to a term with ¢ = 1, that is, only one X, takes Uy,

N
— > vec(Y) (24 ® - ® 2, QU ® 2], ® -+ ® 2)vec(Yy). (A2)
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Now together with similar techniques of Yuan and Lin [ 14] andYin and Li [13], for N large enough we have

om o U Xd) 1tr(U 200, 20) 1
fN(U17"'7UK)_fN(ov"'ao)=_Zm7k( ,\/N _5 N +O(N))

=1
1 N
TN Z Z WVEC(Yn)T(XK ® -+ @ Xp)vec(Yn)
q>0 n=1

K
+ 3 LS (U - sign(20G ) - HLRLG.J) # 0) + Ui, )IHLL G ) = 0}),
= VN i
where the Taylor expansion of log |A| can be found in [7]. Then it follows with /i, defined in (A.2) that

K

_ _Nm1 ory. 50
N(fy(Us, ..., Ug) — (0, ....0)) = k; - (ztr(Ukkukm +o(1))

K
+ ’Z; «/N(ﬁ,k/\fN - mﬂktr(ukzg))

N
1
+ Z erc(Yn)T(X,< ® - ® Xy)vec(Y,)
1

q>1 n=
K
+ Y VNu Y (Ui - sign(20G.0) - {2 ) # 0}
k=1 =
+ Uk )IH20G, ) = 0})- (A3)

The asymptotic property of the third and the fourth line in the above displayed equation should be addressed. For the third
line, define

Yok =vec(Y) (2 ® - @ 2, QU ® 2, ® --- © 29)vec(Y,)
and

Wi= (28 @2, 0U®2 @ Q2)(Ze &)

=Kk® L @UIHRL 1 ® - ®L
then by the results of quadratic form, we have
m 0
i = E(ynk) = tr(Wy) = ;tr(U’<Ek)
k

and

2m 0 0
ok = Var(yp) = 2tr(W W) = o tr(Up 2, U X)),
k

by the central limit theorem, it follows that

VN(fu/ VN = i) = N(O, o).
Besides, for i # j, due to the fact that

2m

gjj = Cov(jii, //:LJ) = ZtF[Win] = tr(U,-E?)tr(UjE](?)

Lol

we have
K
> " VN(fu/~VN = 1) > N0, o)
k=1

where 02 = Y, 0.
Now, we turn to address the fourth line of (A.3). The summands with ¢ > 2 will ultimately vanish as N — oo. For the
summands with ¢ = 2, fori < j, assume X; and X; take the value of U; and U; respectively. Then by weak law of large
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numbers,
1 N
v D vecW) (2 ® - @2, QUR @2, QU@ ® 2)vec(Yy)

converges to #@tr(U,-E?)tr(UjEJQ).
Based on all the results above and the fact that +/NA;, — Aoy, We can conclude
N[fy(Uy,...,Ug) = fn(0,...,0)] —>4qgUy, ..., Ug)

where the function g(Uy, ..., Uy) is stated in Theorem 1.
The Hessian matrix of

TG m
5 ’El miktl'(Uk UkZ'O) + E
k=

iZ)tr(U;x7)

i<j
equals to gl(azor) of Section 4. By Lemma 2, g(U;, Uy, ..., Ug) is strictly quasi-convex for parameters z = (vec(U;)T,
vec(Ug)™)T. Furthermore, the convergence for N[fy (U, ..., Ux) —fy(0, ..., 0)] is uniform for z in a compact neighborhood

of the origin 0. Thus, there is a local minimizer of
N[fn(Uy, ..., Ux) —fn(0, ..., 0)]
converging to
argming, _y,) {81, ..., U}

The results follows. O

Lemma 4 and its proof

Lemma4. Let Y1,Y,, ..., Yy be N iid. observations from tensor normal distribution anorm(0, E(]’ o Eg 0---0 E?(), and Sy be
defined as (6) in Lemma 3. Now, define
N N m/my
my my ~k Tk 1T
‘Z: [v¢]' =5 =2 2 Vo]
n=1 S r—

where VX (j) is the j-th column of

~1/2 _ =172 1/2

~ ~1/2
Vlri = Yn(k)(-QK/ ®-® -Qk+1 ® ‘Qk 18- )

with Yy, being the k-mode matrix unfolding of Y,, and SZj(j # k)’s are consistent estimates of Qf(i # k), which is H ﬁj — £ HF
= 0,(1). Then for fixed m, fixed my and N — oo, it holds that

ISk — Sklle = 0,(1/+/N). (A4)

Proof. Comparing §k with Sy, we note that Squ(j # k)’s in Sy, are replaced by ﬁj(j # k)’sin §k. Let yn [j] be the jth row of
Y, and consider the (i, j)-th entry of the difference Sy — Sy

|Sk(i. ) — Se(i. )| = ﬂ ZYn(k) 1EYnqo U]

) ‘
N

ﬁ ; tr (Vago 71" Yago [11Ex)

= |tr (ExFrij)| < IEkllr x [IFyijllF

where

EE=%® Q02102 1902
—2R® V2, V2 R Q2

N
my . .
Frij = ﬁ Z Ve i1 Yo []-
n=1
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Furthermore we have ||Ei |l = 0,(1) by consistency of flj(j # k)'s,and ||[Fy;jllr = Op(l/\FN) by the central limit theorem.
From above, we can conclude that

|Sk(i. ) — Sk(i. )| = 0,(1/+/N)
for each i, j and
ISk — Sellr = 0,(1/+/N)
for fixed m, fixed myand N — co. O
Proof of Theorem 2
Proof. Fork = 1,2, ..., K, define Z; to be a m; x mj matrix, whose entries satisfy
0, i=j
Sign(‘Qk(iaj))/|‘Qk(isj)|yv 175.]

where sign(ﬁk(i,j)) is equal to 1 if fzk(i,j) > 0, equal to —1 if f)k(i,j) < 0, or takes the value in the interval [—1, 1]
otherwise. . .

Based on Lemma 1(i), 2 = 29 + U/ /N is a local optimizer of (4) with adaptive penalty only if the sub-gradient for £
equals 0, that is

Z(i, j) = (A5)

N m/my

L Z Y FOFD] + 1z =0 (A6)

n1]—

where V¥ (j) is the j-th column of

1/2
V - Yﬂ(k)(SZK ®---® -Qk/ﬂ ® 'Qk ®-

with Y, being the k-mode matrix unfolding of Y;,.
Now, define

1/2

)

m/my

N
SN #oFG]

n=1 j=1

I:
" N-m

-

Multiply both sides of (A.6) by +/N and take vectorization

n erc(ﬁ,?]) +0 mvec@k) + v/Nagvec(z) = 0.

my my
From the fact that

vec(Uy) +o< 1 )

VN VN

vec(2, h= vec(X)) — (2V @ XV

it follows

< m
(Z) ® Z9)vec(Uy) + \/N(vec(sk) vec(XZ) )) Avec(Zy) 4+ o(1) = 0. (A7)
By Theorem 1, we have already known ﬁk's are consistent estimates of £2°. For the second term on the left side of (A.7),
applying Lemma 3 and the conclusion (A.4) of Lemma 4, it follows that

VN (vee) — vee(Z() ) = VN (vecs) — vee(ZD) + 0,(1) —aN(0, %Rk), (A8)

where Ry is defined in Lemma 3. Thus, the first two terms on the left side of equation (A.7) is 0,(1). From the assumption of
Theorem 2, we also have

0 if(i,)) € %%

oo if(i,)) € 4. (A9)

VNMS 126G DI = {

As aresult, for (i,j) € <, the probability that Ui(i, j) = O increases to 1as N — oo. Otherwise, the necessary condition
(A.7) of local optimality would not hold.
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On the other hand, for the entries in U, indexed by (i, j) € @,
vec(Uy) 4, = VN[ (2] ® 29) (vecBu) — vec( %} )L@ +0p(1)
= (2 ®2)

() X W(vec(gk) —vec(ZD)) + 0,(1)

my T
—>dN(0, E[(ﬂg®szg)(w)]kk[(sz‘,ﬁ®szg)(m<’,>] )

as a result of (A.7)-(A.9).

Proof of Theorem 3

Proof. The idea is similar to that of Theorem 1, [6]. For k = 1, 2, ..., K, let U, be a symmetric matrix of order my, Dy, be
its diagonal matrix, and Ry, = Uy — Dy, be its off-diagonal matrix. Set Ay = anRy, + BnkDy,. The goal is to prove that, for

ANk = (%Sk log mk/N)U2 and B,k = (%mk log mk/N)]/zv for sets %, = {Uy : ”Ak”)zf = A%N,k)a(zN,k) + B%N,k)ﬂ(zN,k)} with
bounded sequences {Aw k) }N=; and {Bw i }§—;, it holds

P( inf AL 2+ A szo,...,szo) 1. A10
Ule%l.l.l.-.l,UKe%K q(e7 + Ay « + Ax) > q(2; k)) — ( )
As argued in [6], fork = 1, 2, ..., K, it follows that .(22 + Ay is positive definite and there exists local minimizer (?21, ?22,

e SAZK) such that ||SA2k — .anp = Op(a,i + B k), which is the desired result.
Instead of being constants as in the proof of Theorem 1in Lam and Fan, the {A(y x)} and {B(y )} are modified to sequences
bounded by a sufficiently large constant C, that is, forallNandk =1, 2, ..., K,

C< |Awpl < T Tk + 1D 'c

(A.11)
C < Bupl <1k +1*'c

where T = max{}s_, ¢, 1}. This modification is necessary for the proof of consistency here, as will be shown in Part b
of this proof. The constant C here will be defined by (A.23) in Part a of this proof.
Now, forU, € %,k =1, 2, ..., K, consider the difference,

Q2+ A1, .. 20+ A) —q @), ... Q) =]i+]+ )5
where

Ji= u(S[(2F+A40)® - ® (25 +A)]) —tr(S(2 @ - © 29))

K m
— > —(log |2} + Al — log |2])
=1 Mk

K
b= Y (2060 + Al )l — 120G )

k=1 (ij)et
K
=Y "M Y (12060 + A D — 120G D)
k=1 ()& e, i)
and we can split J; as J; = K; + K3, where

K

Ki = tu[S((2} + A0 ® - @ (2 + A1) —tr(S(2R @ - @ 2)) = Y mﬁtr(zﬁAk) (A12)
k=1 "k
K m 1
K = k; m—kvec(Ak)T{/o g, A1 — v)du]vec(Ak) (A13)

with £ , = SZ% + VA, and g(v, Ag,) = .Q,jl ® SZ,:}) As shown by [6] in the proof of their Theorem 1, we have

K

K
m _ _
K, > ; m—k(A?N,ba(zN,k) + By Ba)/2 - (g +o(1) % = ;o(logmk/w (A oSk+ By pm)/2). (A4
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Also as argued in [6] in the proof of their Theorem 1, J, is dominated by K,. Besides, notice J5 is positive. The proof is complete
if we can show Kj is dominated by K; + J3. Now, K; can be expressed as H; + H,, where

K
m
= Z<”[S(‘lﬁ @ BN OARL,® Q)] - - tr(EﬁAk))
k=1 )

Hy, = Ztr[S(XK Q- ®X1)]

q>1

where X, takes the value of either .Qg or Ay, q is the number of X;’s taking Ay, and the summands in H, enumerate all
possible combinations for X;’s values with g > 1. For a clearer understanding of the notation used here, please refer to the
details in the proof of Theorem 1.

Now, we are about to show that (A.12) is dominated by K, + J3, which is positive. The following proof is divided into two
parts. Part a is devoted to prove H; is dominated by K; + J3, while Part b shows that H, is dominated by K.

Part a. For Hy, each of the K summands is dominated by a corresponding term in K, + J3. We only need to prove this by
showing the summand

Hik) =tr[S20® - 220 , A2 ® -02)] - mﬂktr(zgm) (A.15)
in Hy, is dominated by both the term
Ky (k) = mﬂkvec(Ak)T{ /O ‘e, A (1— v)dv}vec(Ak) > 0(log mic/N - (A 5k + By mi)/2) (A.16)
in K> and the term
Bl =x > (20600 + M) = 120GD) =k Y 1AL (A17)
()& 2y, i7#] ()& 2, i7#]

in J5. It is worth noticing that H; = ff:1 Hi(k), K, = Z’k{:] Ky (k) and J3 = Zleb (k).
Let v (j) be the j-th column of

) (@) o (2 ) 0 (2)"]

where Yy is the k-mode matrix unfolding of Y,,. By Lemma 3,

ng =Yup I:(-Q;)(

N m/myg

m . .
So= oY Y W]

n=1 j=1

is a sample covariance matrix estimating 272 with sample size N - m/my. Denote the matrix (Sy — 22) by Ay, and by Lemma 2
of [6], we have the maximum of elements of A satisfying

P 1/2
max |A(i. )| = Op({my log me/ (N - m)} %), (A18)
Now, applying Lemma 1 (i) to (A.15), we get that
m 0
Hy(k) = m—tr[(sk — ZD A (A.19)
k
Recalling that we have defined A, = S, — Eﬁ, we can further split (A.19) into L; + Ly,

L= 2 37 A A

k (i jeat
m o
L) =— Y Al ) A, ).
k Gy d ey

With the result of (A.18) we have,

(A.20)

m . .. m o2\ /2 o2\ /2
ILi(k)| = —‘ > Ak(l,J)Ak(LJ)‘ < —( > (A )] ) ( > (A )] )
Mkt i e Mk i jrees (e
m ..
< — (s +m) "> max A, )] - || Aillr
my L]
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)1/2

m
p (sx +m)'/2 -0, ({my log my /(N - m)}l/Z) : (A%N,k)a(ZN,k) + B%N,k)ﬂ(zN.k)
K

1/2
Op ({s,< log my/N + my log mk/N}]/z) X (AfN’k)sk log my /N + BfN‘k)mk log mk/N)

= Op(A(N,k) < Sk - log mk/N + B(N,k) - My - log mk/N) (AZ])
where the last equality is due to the fact that, there exists some constant € > 0 such that
[a + bz]?
<— <
(1+2)(a® + b%2)

for z > 0, and positive a, b satisfying (A.11).
Besides, there exists a sufficiently large constant Cy, such that when Ay x) > Cy and By ) > Cy,

1 2 2
S < 2-K+1) (A(NJ<)5I< + B(Nyk)mk) (A22)

This is because the left side is linear in A(y ) and B(y ), the right side is squared in A(y k) and B(y 1), and the ratio of coefficients
on two sides is a constant 1/(2K + 2). Then it follows that L, (k) is dominated by K, (k) due to (A.16) and (A.21).
The fact that L, (k) is dominated by J5(k) follows from

B0 =120 2 >0 (Ml Autipl — Al -0p({melogme/ v -m)} ')

A,k - Sk + Bk

(L) ¢y ]
o o m  logmy1/2
= Z ()»k|Ak(l,])| — A, DI 'OP({,,T' N } )) =0
(LN Ety i ‘

by the assumption on A of Theorem 3. Combined with the result that L; (k) is dominated by K, (k), it has been shown that
Hq(k) is dominated by K5 (k) + J3(k) fork =1, 2,...,K.
Now define a constant C to be

C= max{Cl, G, ..., CK}. (A23)
This C is used to control the sequences {A )} and {B(v 1) } as mentioned at the beginning of the proof, and would be applied
in Part b of this proof. Now, it follows that when Ay x) > Cand By ) > Cfork =1, 2, ..., K, we have H; is dominated by
Ky + Js.

Part b. Define Q (i, j) (i > j) to be the summand in H, with exactly two X; and X; taking A; and Aj, that is
QiLH=tr(S(R Q- - N, RARQR 1@ -2, A2, ®---12)).

To prove H, is also dominated by K;, we only need to consider the summands Q (i, j)(i > j) in H, with exactly two
Xi's taking Ay’s (g = 2). For the summands in H, with more than two X;’s taking A;’s (¢ > 2), they are dominated by
corresponding summands like Q (i, j).

The method to bound |H;| is illustrated specifically through the following term

QK K—1)=tr(S(Ax @ Ay_1 ® Ry , ® - ®2)) =0Q +Q (A.24)
where
Q= tr((S —2 Q@) (Ak R A1 QR ,® - ® 52‘1’)) (A25)
and
0 0 0 0 m 0 0
QZ = tl‘((EK R ® 21)(AK X Al(—l ® 521(72 R Sz])) = Wtr(EKAI()tr(El(f]AK—I) (A-26)
KMk —1

Notice H;(K) in Part a can be expressed as
rr((s 200 @) (AR 2,0 ® 32?)). (A27)
Comparing this with Q;, we can find that S'Z?F1 in (A.27) (or H{(K)) is replaced by Ax_1 to get Q;. Besides, it holds that
mii!x |A1<71(i,]')| < |Ak-1llr = 0, asN — oo.

Q; is of smaller order than H;(K). At the end of Part a, it has been shown that H;(K) is bounded by K, (K) + J3(K). With a
similar argument to bound H (K), it can be shown that

Qi = 0p(K2(K) + J3(K)). (A.28)
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Now, a bound is remained to be derived for Q,. From tr(B) < ./ptr(BTB) for any matrix B of order p, it follows that

2
tr(ZR Ag) < \/mKtr[AK(E?<) A¢] < \/mK A ZRIF < \/mKT[?z Akl

The last inequality is due to Lemma 1 of [6] and assumption (7). Similarly,

tr(Zy_,Ag_1) < VMk—1Tg_1 5l Akl (A.29)

With these, it follows that

m
Q] £ ——
A/ MgMg 1

= Tk2 Tk-1,2 " (A%N,K) - Sk + BfN,K) ~mg)? (A%N,K_l) <Sk—1+ B?N,K—l) . mel)l/zx/ log mg logmg_1/N.
Without loss of generality, we assume

IA

T2 - Tk-1,2 * |1AkllF - | Ak-1llF

(sx +mg)logmyg > (sk—1 + mg_1) logmg_q > --- > (s; +my) logm;. (A.30)

If the order of (A.30) is violated, we simply need to modify the order of (A.31) accordingly, and then adjust the subsequent
proof, the result would still hold. Under this assumption, let

Anx) =Bwi =K + DI
Awk—1) =B x—1 = T 2K + D**C

(A31)

Any =By =C
where 7 = max{}_j_, 7, 1}. As a result of (A.31),

(A%NJ(_]) - SK—1 +B%N,K—l) ~myg_1)"?(logmg_1)'? < TKlH) (A%N,K) - Sk + B%N,K) -my) '/ (log my) /2.
Now it holds that

1
Q] < T2 Tk-12" m : (A?N,K)SK +B%N,K)m1() ~log myc/N
E m . (A%N,K)SK + B%NA’K)mK) . lOg mK/N
Combining with (A.28), it holds that
1
QK. K — D] < ——— - (Alyx) - Sk + B{y k) - M) - logmy /N + 0, (Kz(K) + J3(K)). (A.32)

2K +1)

Based on these results, we now come to show H, is dominated by K5. Recall that we only need to consider the summands
in H, with exactly two X;’s taking A’s,

K— K—2 2
ZQ(K k)+ZQ(K—1 b+ +) QG h+Q@, 1.
k=1 k= k=1

With similar techniques leading to (A.32), it can be proved that

T c Tk —
QUK K| < —— 22 (A2 s+ B2 - i) - log mi /N 4 0, (Ko (K) + J3(K))

(K + 1)K—k . .L-K—k
1

f m ° (A%NJ() - Sk + B%N,K) . mK) ° lOg mK/N + Op(KZ(K) +]3(K))

where in the last inequality, we haveused K + 1 > 1,7 = max{Zf:1 t,iz, 1} >1and2- 7 - Tx—12 < T.Asaresult,
| Z QK. )| = 55 - By 56+ Bl - i) - logmic/N + 0, (Ko K) +J5(60).
Similarly,

K—2
\ZQ(K 10| < m Ay Skt + By - 1) - logm_1/N + 0p(Ka(K — 1) +Js (K — 1)).
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Thus,
Ko k-1 5 5 K
|R’ < Z ﬁ (A(N,k) Sk + B(N,k) - ) - logmy /N + Z 0p (Kz(k) +]3(k))
= 2K+1) =2
K q K
< 1; 5 (A2 1o - Sk + Bl - i) - logmye/N + k;‘ 0y (Kz (k) + J5(K)).

In this way, we can conclude H; is also dominated by K. Combining with (A.22), H; and H, together can be dominated by
Ky+J5. O

Proof of Theorem 4
Similar to the proof of Theorem 2, ﬁk is a local optimizer of (4) with adaptive penalty only if the sub-gradient for ﬁk

equals 0,

N m/my

-2 += Z Z vy ()| V"(l)] + MZe =0 (A.33)

nl]l

where Z, is defined at the beginning of the proof of Theorem 2, and vﬁ (j) is the j-th column of
02 s1/2 12 L
VE = Yo (2 Q2 102, 8 -2 )
with Y, being the k-mode matrix unfolding of Y.
Furthermore, define vg" (j) to be the j-th column of

Vv [(2) 0@ (20,) e (2 ) - (29) ],

Then, (A.33) can be written as
~—1
-(=" - =)+ (7

my N m/my my
Y WOMO] ) + ez =o.
j=1

/mg N m/my

iZV""m w0l - =)+ (o ZZ O]

nl]] =1

n=1
Define
Ac=2, —3°
N m/my
( ZZVOkU) [V)] _Ek>

n]]
N m/my

C = ( T TDIPIRAN] [vio]'

nl]l

N m/my
Z Z “ODVDT)-
As shown by [6] in the proof of their Theorem 2
max |A(i, )| = 0p (1), (A.34)

With 51m11ar arguments leading to (A.18) in the proof of Theorem 3, we have
.. 1/2
max|By(i.J)| = Oy {milogmy/(m - N)}'?). (A35)

As for Cy, define U; = ﬁi — .Q?, then we have

G =

~ ~ ~ ~ T
[(Ql<®--~®9k+1®~Qk—1®---®91>—(ﬂ?(®-~-®522+1®522_1®-~'®52(1)>](Yn(k))

my
m-N

T
(XK Q@ OXit1 OXp-1® -+ ® Xl) (Ynw)
n=1 q>0

where X;(I # k)’s take the value of either U; or 27, and q is the number of X;'s taking U;. The terms with q¢ > 1 are dominated
by the terms with ¢ = 1, as a result of consistency of Theorem 3. So we only need to consider the term with g = 1. For a
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term with ¢ = 1, define for [ # k that
1
D=5 D Yn( e 02,02 000, 0Ue 8 02) ()
n=1

Let D\, (i, j) be the (i, j)-th element of D}, and y[i] be the i-th row of Yy, then

k

N
. m . T
Dl = Swlil(Re 02, 02 002, eUuel 0 o)yl
n=1
N
m . T
= m.kN Zyn[l](.ﬁﬁ@--@szﬁ“ 2 ® -2, ®U,®sz?,1®--.®sz?)(ynm)
n=1
— —tr(2%0) + —tr (2%U).
ml(l’) ml(ll)

With similar techniques applied to (A.24) in the proof of Theorem 3, we can show that |D§<(i, j)| is dominated by

T2 )
VALl

1

—tr(2'U ‘ < ]
o r(Ete)| < il
the inequality is a result of (A.29). Thus

max (i, )|
is dominated by

T2
— - |Uj||F. A.36
’ék NG 1Uille (A.36)

Combining (A.34), (A.35) and (A.36), and by the conditions on A, we have ﬁk(i,j) = 0 with probability increasing to one
for (i, j) € . Otherwise, the necessary optimality condition (A.33) would not hold. O
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