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The  publication  credit  allocation  problem  is  one  of the  fundamental  problems  in  bibliomet-
rics.  There  are two  solutions  which  do not  use any  additional  information:  equal  weights
measure  and  the  Shapley  value.  The paper justifies  the  equal  weights  measure  by show-
ing equivalence  with  the  Shapley  value  approach  for  sharing  co-authors  performance  in
specific  games.

© 2013 Elsevier Ltd. All rights reserved.

. Introduction

Increased collaboration and an increasing number of papers with many co-authors pose a challenge to bibliometrics. In
any papers concerning a ranking between authors, research groups, universities, or countries researchers are faced with

he problem of publication credit allocation (Egghe, Rousseau, & Van Hooydonk, 2000). Frequently, there is no information
bout true co-author input. There are several solutions to this problem that do not use any additional information. The first
pproach is the assignment of full credit to each co-author (normal, or standard counting; Egghe et al., 2000). Lindsey (1980)
urveyed 40 papers in social studies of science and the vast majority of them used normal counting. The h-index is based on
his assumption (Hirsch, 2005). The second common approach is the equal weights solution (adjusted count; Lindsey, 1980);
galitarian weights; Tol, 2011). The publication credit is divided equally between co-authors. A third approach appeared
n recent scientometrics studies (Narayanam & Narahari, 2011; Papapetrou, Gionis, & Mannila, 2011; Sie, Drachsler, Bitter-
ijpkema, & Sloep, 2012; Tol, 2012). Here, the Shapley value solution (Shapley, 1953) was  proposed to divide publication
redit.

The Shapley value solution originated from cooperative game theory. It was invented to divide benefits from cooperation.
or example, person A earns $100, person B earns $60. Cooperatively they earn $180. There are four possible coalitions ∅,
A}, {B}, {A,B}. Person A could join coalition ∅  then her marginal contribution would be equal to $100 or she could join
oalition {B} then her marginal contribution would be equal to $180 − $60 = $120. Person B could join coalition ∅  then

er marginal contribution would be equal to $60 or she could join coalition {A} then her marginal contribution would be
qual to $180 − $100 = $80. Both agents have equal rights on the benefits from cooperation. This idea is implemented in the
hapley value by calculating the average marginal contribution to all possible coalitions. By the Shapley value, person A in
ooperative interaction would have ($120 + $100)/2 = $110. Similarly, person B would have ($60 + $80)/2 = $70.
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Table 1
Co-authors’ sets.

1 2 3 4 5 6
{a} {a} {b} {a,b} {a,c} {a,b,c}

The Shapley value has transparent interpretation in scientometrics studies. Benefit from cooperation is a set of publi-
cations written by a set of authors. Authors are players who  share common publication credit. Each coalition (subset of
authors) corresponds to a number of publication. The Shapley value is equal to the average marginal author’s contribution
over all possible coalitions. Each author obtains a fair part of the set of publications.

Due to the difficulty of computing the Shapley value, scientometrics studies use some approximations. Tol (2012) used
the Shapley value for ranking academic institutions. Tol calculated the average marginal contribution of each researcher
but he considered only contribution to existing academic institutions rather than contribution to any possible coalitions.
Papapetrou et al. (2011) consider only collaborations of authors who have actually written a paper together, rather than all
possible collaborations. Narayanam and Narahari (2011) compute the Shapley value using a sampling-based approach.

Another approach is to find a measure that is equivalent to the Shapley value but is simpler to compute. This solution has
been applied to some problems in supply chain management (Chen & Yin, 2010) and phylogenetic biodiversity measures
(Hartmann, 2013), but it has not been applied to the co-authorship sharing problem. This paper shows the equivalence of
the Shapley value and equal weight sharing. It creates a possibility to count precise theoretical Shapley value rather than
an approximations (Narayanam & Narahari, 2011; Papapetrou et al., 2011; Tol, 2012). The Shapley value and equal weight
sharing have many justifications obtained in different fields.

The Shapley value satisfies some desirable mathematical properties, moreover Shapley (1953) proved that four axioms
define the solution uniquely. Firstly, the solution should allocate the whole publication credit (efficiency); secondly, it should
allocate credits equally to authors with equal marginal contributions (symmetry); thirdly, it should allocate zero credit to
author without any publications (dummy); fourthly, it should be additive, i.e. for any two disjoint publication sets the value
calculated on the whole set should be equal to the sum of the first set value and the second set value (additivity). There
are several other axiomatic justifications for the Shapley value. Hart and Mas-Colell (1989) described the Shapley value as
a unique solution satisfying symmetry, efficiency and consistency. Chun (1989) described the Shapley value as a unique
solution satisfying efficiency, triviality, coalitional strategic equivalence, and fair ranking. The last of these properties means
that relative ranks of the agents belonging to the coalition are not affected by the change in the worth of the coalition and
it is quite important for our problem.

Myerson (1977) worked on network-based approach justification. He considered games with cooperation structures
described by graphs. In the scientometrics context it could be an co-authorship network. He proved that the Shapley value
is a unique fair allocation rule for such problems. Fairness in this context means that that two agents should gain equally
from their bilateral cooperation.

There are several reasons to support the equal sharing solution (Lindsey, 1980). An individual’s return from a co-authored
paper with n authors is approximately l/n times that of a single-authored paper (Sauer, 1988). The proportion of equally
credited articles in medical journals has increased during the 2000s (Akhabue & Lautenbach, 2010; Tao, Bo, Wang, Li, & Deng,
2012).

There are other approaches to the co-authorship sharing problem that use additional information. Positionally weighted
assignment (Abbas, 2011; Lukovits & Vinkler, 1995; Sekercioglu, 2008), harmonic credit (Hagen, 2013), contribution to an
article visibility (Egghe, Guns, & Rousseau, 2013) and giving full credit to the senior co-author (Hirsch, 2010) are a few of
these approaches.

This paper is organised as follows. Section 2 shows a clarifying example. A mathematical model including the definition
of games and the main theorem is presented in Section 3. Section 4 concludes the paper.

2. Example

This section provides an example illustrating the co-authorship sharing problem. Assume there are three authors N = {a,
b, c}. These authors have produced six publications (Table 1). Publication 1 has one author, but publication 6 has three
co-authors. There is no information about the contributions of each of the co-authors to each publication.

The author a is the most distinguished, but the majority of his papers are written in collaboration. The problem is how
to share credit for the six publications between the three authors. For obvious reasons, the contribution of the first author
is not less than two publications (singly-authored) but not more than five publications (with all publications written singly
or in collaboration). Finding the exact number of publications contributed to by each author requires the use of a model.

The first approach taken uses the equal weights measure of performance. Credit for each publication is divided equally
EW
among its co-authors. Table 2 presents the obtained publication credit allocation y = (3.33, 1.83, 0.83).

The Shapley value-based approach appears different. First of all, we  should define a correspondence between each subset
of authors including empty set and number of publication. There are two main approaches. The first approach is called full
obligation game. Each co-author is essential to publication. The publication credit is granted to coalition if all co-authors
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Table 2
Equal weights measure of performance.

Authors {a} {a} {b} {a,b} {a,c} {a,b,c} yEW
i

a 1 1 0 1/2 1/2 1/3 3.33
b  0 0 1 1/2 0 1/3 1.83
c  0 0 0 0 1/2 1/3 0.83

Table 3
Full obligation game.

S Ø {a} {b} {c} {a,b} {a,c} {b,c} {a,b,c}
v1(S) 0 2 1 0 4 3 1 6

Table 4
Full obligation game Shapley value.

Permutations Author a’s contribution Author b’s contribution Author c’s contribution

abc 2 2 2
acb  2 3 1
bac  3 1 2
bca  5 1 0
cab  3 3 0
cba  5 1 0
Shapley value 3.33 1.83 0.83

Table 5
Full credit game.

S Ø {a} {b} {c} {a,b} {a,c} {b,c} {a,b,c}
v2(S) 0 5 3 2 6 5 4 6

Table 6
Full credit game Shapley value.

Permutations Author a’s contribution Author b’s contribution Author c’s contribution

abc 5 1 0
acb  5 1 0
bac  3 3 0
bca  2 3 1
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cab  3 1 2
cba  2 2 2
Shapley value 3.33 1.83 0.83

f the publication belong to the coalition. The function v1(S) specified in Table 3 assigns a number of publications to each
ubset of authors S (coalition) for full obligation game.

By definition, the Shapley value is the average marginal contribution added by author i to the coalition. In Table 4, all
ossible permutations are considered. The marginal contribution of each author is calculated for each permutation.

Let us explain the calculation of the values in Table 4, e.g., the third line. Author b is the first in the permutation. She takes
arginal contribution from v1(∅) to v1({b}), which is equal to v1({b}) = 1. Author a is the second in the permutation, and she

eceives v1({a,b}) − v1({a,b}) = 3. Author c receives residual 2 publications. Taking into account all possible permutations.
The full credit game is based on the maximal number of publications associated with each coalition. The presence of only

ne author from the set of co-authors is sufficient for publication credit. The function v2(S) is given in Table 5.
Performing the same calculations as in Table 4, the Shapley value is obtained in Table 6. Moreover, Table 6 can be derived

y permutation of the lines of Table 4. This is not coincidental. The Shapley values of dual games are always equal (Funaki,
998). By definition, one can show the duality of the games v1 and v2 in this example.

This example shows the equivalence of the equal weights solution and the Shapley value for basic games. The subsequent
ection provides a general equivalence result.

. Results
A mathematical model of the co-authorship sharing problem is described by a set of authors N = {1, . . .,  n} and a set of
ublications P = {1, . . .,  m}. Each paper is associated with a set of co-authors Sj ∈ 2N and a real number quality score qj ∈ R.

t is possible to use the number of citations as the quality measure or to equate the quality of all papers to one. The first
ase is associated with the problem of citation sharing. In the latter case, only the number of publications should be divided
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between authors. The aim of modelling this problem is to find the performance measure attributed to each author (yi ∈ R)
subject to one constraint. The sum of the authors’ performance measures should be equal to the sum of the publications’
quality

n∑
i=1

yi =
m∑

j=1

qj. (1)

There are two main solutions to this problem: equal weights and Shapley value.
Equal weights measure of performance. The quality of a paper (qj) is divided equally between co-authors

yEW
i =

m∑
j=1

1i ∈ Sj∣∣Sj

∣∣ qj, (2)

where |Sj| is the cardinality of the set Sj, the number of co-authors and 1i ∈ Sj
= 1 if i ∈ Sj and 1i ∈ Sj

= 0 otherwise.
Before defining the Shapley value, a description of appropriate cooperative games should be given. A cooperative game

is described by a characteristic function v(S) that assigns some real number to each coalition. There are three reasonable
approaches to assigning this number.

Full obligation game. The absence of one co-author leads to the absence of publication. The game is defined by a
characteristic function v1(S) for all S ∈ 2N

v1(S) =
m∑

j=1

1Sj⊆Sqj. (3)

Full credit game. Each co-author takes full credit for publication.

v2(S) =
m∑

j=1

1Sj∩S /=  ∅qj. (4)

Equal weights game. Each co-author takes an equal portion of the publication’s credit.

v3(S) =
∑
i ∈ S

m∑
j=1

1i ∈ Sj∣∣Sj

∣∣ qj. (5)

The Shapley value is the average marginal contribution added to the coalition by author i. One possible definition of the
Shapley value is the average marginal contribution obtained by a randomly arriving player. Let � be the permutation of
players, and let �(i) be the placement of player i in permutation �. The marginal contribution of player i is v(S�

�(i)) − v(S�
�(i)−1),

where S�
�(i)−1 is the set of the first �(i) − 1 players in permutation � (the set of players in N who  precede player i in the order

�). Taking into account the number of possible permutations, the formula for calculating the Shapley value is derived as
follows:

�i(v) = 1
n!

∑
�

[v(S�
�(i)) − v(S�

�(i)−1)]. (6)

Thus, there are four different methods for measuring an author’s performance but they all lead to the same result.
Equivalence theorem. For all co-authorship sharing problems, �i(v1) = �i(v2) = �i(v3) = yEW

i
.

Proof
Taking into account the definitions of games given above, we rewrite the Shapley values:

�i(v1) = 1
n!

∑
�

⎡
⎣

m∑
j=1

1Sj⊆S�
�(i)

qj −
m∑

j=1

1Sj⊆S�
�(i)−1

qj

⎤
⎦ = 1

n!

∑
�

⎡
⎣

m∑
j=1

(1Sj⊆S�
�(i)

− 1Sj⊆S�
�(i)−1

)qj

⎤
⎦ ;

�i(v2) = 1
n!

∑
�

⎡
⎣

m∑
j=1

1Sj∩S�
�(i)

/=  ∅
qj −

m∑
j=1

1Sj∩S�
�(i)−1

/=  ∅
qj

⎤
⎦ = 1

n!

∑
�

m∑
j=1

1Sj∩S�
�(i)

={i}qj;

�i(v3) = 1
n!

∑
⎡
⎢⎣

∑ m∑1i ∈ Sj

|S | qj −
∑ m∑1i ∈ Sj

|S | qj

⎤
⎥⎦ =

m∑1i  ∈ Sj

|S | qj.
� i ∈ S�
�(i)

j=1
j

i ∈ S�
�(i)−1

j=1
j

j=1
j

Then, 1Sj ∈ S�
�(i)

− 1Sj ∈ S�
�(i)−1

= 1 is true for i ∈ Sj, and author i is the last author among co-authors Sj in ordering �.

1Sj∩S�
�(i)

={i} = 1 is true for i ∈ Sj, and author i is the first author among co-authors Sj in ordering �.
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If i ∈ Sj, then author i has an equal chance of being first, second or last among co-authors Sj in the ordering �. The probability
f being last is 1i ∈ Sj

/|Sj|. The same result can be derived by counting all permutations that satisfy each respective condition.
he number of such permutations is the number of ways of placing the unordered set of co-authors (except the author i)
f paper j in an ordering from N, multiplying by the number of permutations of co-authors of paper j, and the number of
ermutation of all authors except the co-authors of paper j

�i(v1) =
m∑

j=1

(n/|Sj|) · (n − |Sj|)! · (|Sj| − 1)!
n!

· 1i ∈ Sj
· qj =

m∑
j=1

1i ∈ Sj∣∣Sj

∣∣ · qj.

he same result is true for the probability of being first:

�i(v1) = �i(v2) = yEW
i

=
m∑

j=1

1i ∈  Sj
(Sj)

· qj.For all games that do not distinguish all authors and all publications by names or by

nother characteristic, we obtain the equal weights solution as equivalent to the Shapley value solution. The same result
an be obtained using Shapley value axiomatics (see Winter, 2002). The Shapley value satisfies the additivity property:

�i(v + w)  = �i(v) + �i(w) (7)

he Shapley value for the co-authorship sharing game corresponding to the entire set of publications is equal to the sum of
he Shapley values of the games corresponding to the problem of dividing one publication

�i(v) =
m∑

j=1

�i(vj), (8)

here vj is the game corresponding to the sharing of credit for publication j: vj(Sj) = 1, vj(N\Sj) = 0. Publication credit should
e divided between co-authors in a manner satisfying the Shapley value axiomatics: the efficiency, symmetry, dummy, and
dditivity axioms. A unique method of dividing credit in such a manner is equal dividing.

A Shapley value-based approach can be applied to heterogeneous scholars differentiated by certain weights. These
eights are used to determine a probability distribution over orders of authors, and the weighted Shapley value is the

xpected contribution of the authors (Monderer, Samet, & Shapley, 1992). There are several axiomatic justifications for the
eighted Shapley value (Kalai & Samet, 1987; Radzik, 2012). The additivity property weighted Shapley value can be rewrit-

en as the sum of one paper value. According to the weighted approach, each author’s contribution is equal to the author’s
espective weight in the publication. Therefore, the weighted Shapley value is the sum of the author’s respective weights in
ach publication.

�i(v) =
m∑

j=1

1i ∈ Sj
wi∑

k ∈ Sj
wk

qj (9)

ormula 9 generalises formula 2 in the case of unequal authors’ weights. The equivalent to the weighted Shapley value is a
eighted measure where credit for each publication is divided according to the authors’ weights. This is a simplified manner

f using the weighted Shapley value.

. Conclusion

This paper fills a gap in the literature by showing the equivalence of two  existing solutions. The equivalence theorem
rovides a game-theoretical justification for the equal weights measure of performance, and it provides a simple method for
omputing the Shapley value by substituting an equal weights measure. An equal weights measure that retains all properties
f the Shapley value can be used. The weighted extension of the Shapley value is considered, and a simplified formula for
omputing the weighted Shapley value is obtained.
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