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Abstract— This paper studies information production processes (IPP) (e.g., bibliogra-
phies) from the point of view of concentration theory. More specifically, the Gini index
is studied for an IPP as well as for its dual IPP. We prove that both Gini indices are the
same. We also remark that such a result is not true for other well-known concentration
measures.

1. INTRODUCTION

1.1 Concentration theory and the Gini index
Concentration theory studies the degree of inequality in a set of numbers x;,x3,...,X,
(usually, » is very high). It originates from econometrics, where one wants to study the de-
gree of income inequality in a certain population. Among the many references, we men-
tion Gini (1909), a historically important paper. More generally, in all areas of sociology,
concentration problems occur; see, for example, Allison (1977,1978,1980), Cole (1983),
Chapman and Farina (1982), Johnson (1979), Ray and Singer (1973), Theil (1967).
More specifically (and also more recently), concentration has also been studied in in-
formetrics; see, for example Egghe and Rousseau (1990a,1991), Egghe (1987), Bonckaert
and Egghe (1991), Heine (1978), Burrell (1990), Pratt (1977), and Carpenter (1979).
Measuring inequality between numbers is, evidently, linked with the standard devia-
tion of these numbers. However, this measure has some undesirable properties. In general,
we are looking for a function:

Silxi, X, X)) = f(X1, %2, .00, X,)

satisfying a number of “good” concentration properties (e.g., scale invariance and the trans-
fer principle). We do not go into detail here since this has been worked out in, for exam-
ple, Egghe and Rousseau (1990a,1991). From these studies — and that is what is important
here —it follows that Gini’s index is a very good concentration measure. It is defined as
follows.

1.1.1 Gini’s index in the discrete case. Let x,x,,...,X, be our numbers. We suppose
they are arranged in increasing order. We construct the following graph (called the Lorenz-
curve): Divide the interval [0,1] into 7 equal parts. With the abscis j/n (j=1,...,n), we
link the value >/_; x;/2% | x; (and we take 0 in 0). Then we obtain a graph \ as in Fig. 1.
The Lorenz curve is always below the first bissectrice, since the x; are increasing. Consider
the area D between the Lorenz curve and this first bissectrice. Then, the Gini index G is
defined as

G =2D. ()
Otherwise stated, G is equal to
G =1 — 2 (area beneath the Lorenz curve). @)
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Fig. 1. Example of a Lorenz-curve with n = 7.

1.1.2 Gini’s index in the continuous case. This formula (2) is also used when we deal
with a continuous situation: instead of x,,...,x,, we have now a function f(x), x € {0,1]
such that f is integrable and increasing. The construction of the Lorenz curve implies a
graph of the function:

f S(x") dx’
ANx-ANx)= —m—— A3)
f S(x') dx’

and hence, according to (2):
1
G=l—2f AN(x) dx
0

or

—1—2f ff(X)dx — —dx. “)
ff(x)dx

It is this Gini index that we will study in the dual framework of information produc-
tion processes (IPP).

1.2 Information production processes (IPP)

The information production processes (IPP), as introduced in Egghe (1989), are con-
tinuous mathematical models of production processes such as bibliographies, economic pro-
duction processes, social usages (e.g., of words in a text) and so on. (See also Egghe
1990a—c, Egghe & Rousseau, 1990b, and Rousseau, 1991a.) We briefly repeat the notation.
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An IPP is a triple of the form
(S,LV) )
where S = [0,T], I = [0,A] and
V:S—1I

is a function such that V is strictly increasing and differentiable, such that V" is strictly in-
creasing and such that ¥ (0) = 0 and V(T) = A. To be clearer, we think of S as the source
set (sources being the objects that produce) and of 7 as the item set (items being produced
by the sources). In the sequel we will consider ¥V (r) (for every r € S\ {0}) to be the cumu-
lative number of items in all sources s € [T — r, T]. Hence V is an integral of a function,
called p (hence V' = p). Since V(0) = 0, we have:

V(r) =f p(r')dr. ()]
0

The dual IPP of (S,1, V) is the IPP
(S, U), ™
where
Ui)y=T—-V(A-1i) 8)

and where ¥ ~! denotes the inverse function of V (note that V is injective since it is strictly
increasing). As for (S, 17, V), we define (U is differentiable by (8)): U’ = o; hence

U(i)=f’a(i’)di’ )
0

(since U(0) = 0, as follows from (8)). When expressed as a function of i in the IPP (S, 1, V)
(hence i = V(r)), p(r) becomes

p(i) = V' (V7). 10

Otherwise stated: If i = V(r), we define

p(i) = p(r), (1)

for every r € [0,T] (or i € [0,A]). We also repeat the following (easy) result (Egghe,
1989,1990a):

LeEMMA
For every IPP (S,1,V),

1

———— 12
p(A—1i) 2

a(i) =

foreveryie€l

This mathematical model has turned out to be very efficient at proving and under-
standing certain regularities in, for instance, informetrics; see Egghe (1989,1990c).

In this paper, we will try to study Gini’s index in the dual framework of IPPs. Note
that dual situations are often encountered in informetrics. Two examples:
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¢ (Citation bibliographies: If we change “cited” to “citing,” we change the IPP into its
dual.

¢ If the IPP studies (as in Lotka’s law) “authors with a certain number of articles,”
the dual IPP studies “articles with a certain number of authors” (meaning the num-
ber of co-authors per article —an important issue in, e.g., science policy studies).

In this framework it is important to investigate the dual properties of IPPs. This has
already commenced in Egghe (1989,1990a—c) and continues here. Now we emphasize the
dual properties of the Gini index for IPPs.

2. DUAL THEORY OF THE GINI INDEX

2.1 Preliminaries

Let (S,1, V) be as in section I, where I = [0,4], S = [0,T], and let (1, S,U) be its
dual. Since V(r) represents the cumulative number of items in all sourcess€ [T —r, T,
for every r € [0, T], it follows from (8) that U(/) is the cumulative number of sources that
produce the items in [0,i]. Since ¢ = U’, we then have that ¢ is the density of the num-
ber of sources in the item-coordinate /. Hence (since p = V" increases strictly and by (12))
o is strictly increasing. So we conclude that ¢ represents the generalized continuous version
of Bradford’s law. This function can be used for the calculation of Gini’s index, by put-
ting f = ¢ in (3) and (4). To use o for concentration calculations is even more natural, since
the classical law of Bradford has often been considered as an “expression” of degree of con-
centration of a bibliography (even in the historical paper of Bradford himself (1934) one
talks about three groups of journals with a different status: the ones that have to be bought,
the ones that one buys if one has the money, and the ones that should not be bought!). The
original law of Bradford (but here in a continuous, group-free setting, which is equivalent
with the historical law of Bradford —see Egghe, 1989,1990a-c) states that

o(i)y =M-K' 13)

for every i € I, where M and K are parameters. Parameter K is larger than 1 (since ¢ in-
creases strictly) and is called the group-free Bradford factor (or multiplicator). This law cor-
responds to classical informetric laws, such as Lotka’s law (with exponent 2) and the law
of Leimkuhler: Let R(r) denote the cumulative number of items in the sources s € [0,r],
for every r € [0, T] in the IPP (7, S,U). Then

R(r) =aln(l + br) (14)

where ¢ and b are parameters. Note that R = U~!. In Egghe (1989,1990¢) and Rousseau
(1988), generalizations of the above functions (for Lotka-exponents « # 2) are constructed.
These generalizations as well as (13) and (14) will be used in the next section, where we will
calculate Gini’s index for these cases, based on the function .

However, the main topic of this paper is to investigate the relation between the Gini
index G for the IPP (S, 7, V) and the Gini index G, of its dual (I, S, U). It is surprising
that we can prove that G = G, for general IPPs (hence not supposing a certain fixed
function as, e.g., (13)).

2.2 The Gini indices G and G
Let (8,1, V) be any IPP and (4, S, U) its dual. We define the Gini index of (S,/, V)
to be (cf. (4)):

1 x
G=1- Ef f p(Tx’) dx’ dx. (15)
A Jo Jo



Duality aspects of the Gini index 39

Note that r = Tx, r’ = Tx’, in the notation of section 1. The use of A and 7 in (15) is to
make sure that our function
X ’
N f To(Tx") ..
0 A

is a function for which ¢{1) = 1. Indeed:

T i 1 T
EJ; p{Tx"ydx _;{j; p{x"y dx

1
— W(T) =1,
2 (T)

as requested by (3). Logically, we define the Gini index of the dual IPP ([, S, U) to be
=1 «-——-f f o{Ay") dy’ dy. (16)

Note that i = Ay, i’ = 4y’, in the notation of section 1.

2.3 Relationship between G and Gy

We will prove a relationship between G and G,. First, some preliminary results.
LemMma I1.3.1

1 » 1
f f a(Ay’)dy’=f (1 —y)o(Ay) dy a7n
0 0 0
Proof. We apply the theorem of Fubini {Apostol, 1974). Hence
H ¥ 1 i
[ [ownrar=[ [ owrwa
& ¢0 G dy
l -
=f [yo(Ay N3z, dy’
0
1
“—“f (1 =y)o(Ay") dy’
0
1
=fa (1 =»o(Ay) dy. a

We now express G in terms of o, instead of p.
LemMma 11.3.2

24 (1
G=] - my—:f yo(A — Ay} dy (18)
0

where V{Tx) = V(r) =i= Ay
Proof. By (15)

*I-——«—f f o{Tx"y dx’ dx. (15
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Since Ay = V(Tx), we have Tx = V' ~!(Ay) and hence

_A dy
B=T Vv
By (10) and (11), we have V'(V~1(Ay)) = p(Ay) = p(Tx), and the same for dx':

_A _dy
T p(Tx')’

dx’

Putting this in (15) yields

1 y ’
G=1—%f f A dy
T Jo Jo p(AY)
We now use (12) to obtain:

1 ry
G=1——2—4f fo(A—Ay)dy’dy
T [4] 0

1
G=1—-2—éfya(A—Ay)dy. a
T Jo

This is an expression of G in terms of the function ¢ of the dual IPP. We can now
prove:

THEOREM I1.3.3
For any IPP (S,1,V) with dual (1,S,U) we have that

G= Gd' (19)

Proof. Note that, for every integrable function:
1 1
f V() dy=f vl —y)ady. (20)
0 0
Indeed, substituting y” = 1 — y in the left-hand side of (20), we find
1 0
f v(yydy = —f va—-y)dy
0 1

1
=f v —y)ay.
0

From (20) we deduce:

1

1
f (1 =y)o(Ay) dy=f ya(A — yA) dy.
0 0
Hence, by (18):

2 1
1-G=—i‘f yo(A — Ap) dy
T Jo

24 1
= 7‘[ (1 —y)o(Ay) dy.
0
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So,
T 1
2 (1-G) =2f (1 = y)o(Ay) dy.
0
Combining (16) and (17) yields:
T T
1 (I_G)_Z (1-Gyp).
Hence:

G=Gd. O

3. THE GINI INDEX FOR INFORMETRIC IPPs

We will now calculate the formulae:
1 py
Gy=1- Z—Af f o(Ay’) dy’ dy (16)
T 0 0
or
24 [!
Gy=1- 7f (1 —y)o(Ay) dy an
]

for some informetric laws. From (19), we then have the expression for G automatically. We
start with the classical Bradford law.

3.1 The Gini index for Bradfordian IPPs
(i.e., Lotka’s law with exponent o = 2)
In this case we suppose

a(Ay) = MK#¥ (20)

for y € [0,1)] (hence i = Ay € [0, A] as in section 1). Since (17) is easier to calculate than
(16), we use the former:

2 1
Gd=l-—Af (1 = yYMK* dy.
T Jo

Partial integration yields:

2M (KA -1
Gy=1- —1}. 21
a Tan(Aan ) @D

So, we also have, by (19)

G=1 (22)

2M (KA -1 -
ThK\ AlnK )
Note that, intuitively, the Bradford factor (the historical group-dependent one (k) or

the one above (X)) was considered as a “measure of concentration” but, as is well known,
this simple parameter does not have all the good concentration properties as described, for
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example, in Egghe and Rousseau (1990a,1991). Formulae (21) and (22) provide an answer
to this problem, since they incorporate K.

We can also express (21) and (22) in terms of the parameters @ and b occurring in Leim-
kuhler’s law:

R(r) =aln (1l + br) (14)

for r € [0, T']. Here R(r) denotes the cumulative number of items in the sources s € [0, r].
We have the formulae (Egghe, 1989):

= 23
‘K 3
In X
b= —. 4
M @4
Hence, (21) and (22) yield:
2 [(e?"—1)a
G= =1 = —={——1}. 2

Ga bT( A ! 25

Finally, in terms of the classical Bradford parameters p,r, = r,{p), &k = k(p), where
p is the number of groups, r, is the number of sources in the first group (the nucleus) and
k is the p-dependent Bradford factor, we have the formulae (Egghe 1989) (with y, = A/p):

a= mE (26)
p=k=1 @n
rO
Now (25) yields:
2r, kP —1
G=G,;,=1~ e — . 28
o T(k——l)(plnk 1) 28)

Note that formula (25) corresponds with the analogous calculation of Burrell (1990). How-
ever, Burrell uses a different notation:

1 _ _In(1 +8x)
3 R(x) =y (x) = TmA+8) 29

for x € [0,1]. In comparison with our notation, we thus have a = A/In(1 + 8) and bT =
B {Tx being r). Hence we refind Burrell’s formula from (25):

1 1
Gd“l"z(WB—)'E)‘ 30

3.2 The Gini index for generalized Bradfordian IPPs
(i.e., Lotka’s law with general exponent o)
It is shown in Egghe (1989,1990a,¢) that if we have the well-known law of Lotka

Sy = Ea
y
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where o > 1 and C > 0 are parameters and where f( y) denotes the density of the number
of sources with y items, then we have (equivalently)

- - —1/(2—x)
o(i) = ((Am(zc ®) 4 1) _i2 C") (31)

for every i € I. Now we will calculate G = G, for o as above. To simplify the notation, put

B= (32)

So,
a(i) = (AB + 1) — iB)~/BO) (33)

In this setting, it is easiest to calculate G by using formula (18). This gives:

Gd=G=1

2C [ (1 + AB)y~WBO+2 (1 4 4B)~(/BO+I
_TAB{ 2BC—1 BC -1

1
* (BC—I)(ZBC—I)]' 39

This is analogous to a result obtained by Rousseau (1991b). In this reference, together
with Burrell (1990) one can find numerical calculations of G, based on these formulae.

4. CLOSING REMARKS

We have studied the Gini index in the dual framework of IPPs and we proved that the
values of the Gini index in the original IPP are the same as the ones in the dual IPP.

We furthermore calculated explicit formulae for the Gini index in case the IPP satis-
fies Lotka’s laws (« = 2, respectively o # 2).

We finally note that we tried to prove analogous results for other good concentration
measures (such as the coefficient of variation and Theil’s measure ~see Egghe & Rousseau
1990a, 1991 —but a simple relationship between the values of these measures in an IPP and
the ones of the dual IPP does not seem to exist. Hence the present paper reveals a special
property of the Gini index.
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