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Empirical  analysis  of  the relationship  between  the  impact  factor  – as  measured  by  the  aver-
age  number  of  citations  – and  the  proportion  of uncited  material  in a collection  dates  back  at
least  to  van  Leeuwen  and  Moed  (2005)  where  graphical  presentations  revealed  striking  pat-
terns.  Recently  Hsu  and  Huang  (2012)  have  proposed  a  simple  functional  relationship.  Here
it is  shown  that  the general  features  of  these  observed  regularities  are  predicted  by a  well-
established  informetric  model  which  enables  us  to derive  a  theoretical  van  Leeuwen–Moed
lower  bound.  We  also  question  some  of the  arguments  of  Hsu  and Huang  (2012)  and  Egghe
(2013)  while  various  issues  raised  by Egghe  (2008,  2013)  are  also  addressed.

© 2013 Elsevier Ltd. All rights reserved.

1. Introduction

Hsu and Huang (2012) present sets of data relating to given bodies of work – journal output, and output of a regional
group of scientists in a fixed time period – in order to compare the mean number of citations accrued and the proportion of
uncited items in a given subsequent time period. They also consider two  other fixed bodies of work and examine how the
same statistics develop over time. Hence they consider two different types of data sets, one static and one dynamic. What
is notable is that they are able to show that in both cases the relationship between mean citations and uncited proportion
follows, at least approximately, the same mathematical form. This same sort of relationship had previously been illustrated,
in a slightly different way, by van Leeuwen and Moed (2005). In the latter paper, the presentation is purely empirical, while
Hsu and Huang (2012) propose a mathematical model. The main difference between the two graphical presentations is that
Hsu and Huang (2012) use a linear scale for the mean, van Leeuwen and Moed (2005) adopt a logarithmic scale. Here we
illustrate both approaches.

2. The framework

While the impact factor (IF) as usually referred to has a very precise definition, in what follows we will rely on a more
flexible formulation, used elsewhere, that suits the current investigation. We  imagine a fixed body of work – the publications
of a particular scientist, a research school, a geographical grouping of workers in a field, a particular journal, a thematic group

of journals – accumulated over a fixed period of time. In a sense we  are assuming some sort of homogeneity within the body
of work. The interest then is in the citations acquired by this collection in a subsequent time period, possibly over an extending
period of time.
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To formulate this in terms of a general stochastic model, define Xt = number of citations (to a randomly chosen member
f the body of work) by time t ≥ 0 where 0 denotes the time from which citations are counted. The quantities of interest in
he analysis are

U = U(t) = P(Xt = 0) = proportion of publications uncited by time t

nd

� = �(t) = E[Xt] = mean number of citations per publication by time t

Here � is referred to as the impact factor (IF), while the proportion of uncited items U is referred to as the uncitedness
actor (UF) by Egghe (2013). Note that we have retained the U, � notation of Egghe (2013) but stressing that these are
oth time dependent (Hsu and Huang (2012) use a rather than �). The time dependency is an important consideration. For

nstance, Hsu and Huang (2012) argue that “intuitively, a journal with a high IF should have a low percentage of uncited
rticles”. However, when one considers the way that citations are accumulated over time, it is clear that, for any fixed
ollection, the IF will tend to increase with time as more citations are accrued while U will tend to decrease as previously
ncited articles eventually become cited and hence it is clear that there should be some sort of time-dependent inverse
elation between IF and UF.

It is worth pointing out that there are several possible general scenarios within which this problem can be considered.
ecause of the context reported by van Leeuwen and Moed (2005) and Hsu and Huang (2012), we  assume the following:

Scenario: There is a clearly defined selection of journals/scholars/papers whose subsequent citations are accumulated over
 fixed or extending time period. In the first instance, we assume that citations are gathered in an unchanging environment
lthough we shall see that this can be relaxed to allow for the issue of ageing/obsolescence or other general changes to
itation rates.

Note: An obvious variant on the above is the situation where there is a clearly defined initial selection of jour-
als/scholars/papers whose numbers may  be added to in the period of observation and all of whose subsequent citations are
ccumulated over a fixed or extending time period in an unchanging environment. A particular application is in tracking an
uthor’s citations over his/her career where new publications are also being added that can in turn attract citations. Work on
his model, including the behaviour of the mean and also the role of the uncited items, is reported in Burrell (2007a, 2007b,
007c, 2009, 2012, 2013).

. The simple model and its consequences

We  refer to a model as the aim is to describe a mathematical framework for the mechanics of the citation process, not
erely a mathematical function to fit to observed data. The one to be adopted dates back as far as Greenwood and Yule

1920) and has been used in informetrics at least since Morse (1976) and Burrell and Cane (1982), although these latter
pplications were in the context of borrowings of library materials. The current application is similar in that we  have a
ell-defined collection of “sources” – here journals/papers – accumulating “items” – citations – over time. The source-item

ramework is of course very familiar in informetrics. Thus we are considering a dynamic process but also one that is not
urely deterministic so that a stochastic element should be built in. (The basic construction is included here for the sake of
ompleteness. Readers familiar with this can happily fast forward.)

ssumption 1. Each source in the collection acquires citations according to a Poisson process of rate � ≥ 0.

ssumption 2. The citation acquisition rate varies over the collection according to a Gamma  distribution of index � > 0 and
cale parameter  ̨ > 0. Thus � has probability density function (pdf)

f∧(�) = ˛v�v−1

� (v)
e−˛�

or � > 0.

If we denote by Xt the number of citations acquired by a typical member of the collection by time t ≥ 0, where 0 is the
tart time for the counting of citations, then Assumption 1 can be written as

P(Xt) = r|� = �) = e−�t (�t)r

r!
for r = 0, 1, 2, . . .

Then incorporating Assumption 2 yields

P(r) = P(Xt = r) = � (r + v)
(

˛
)v( t

)r

for r = 0, 1, 2, . . . (1)

r!� (v) ˛ + t a + t

o that Xt has a negative binomial distribution (NBD) with index � and parameter p = p(t) = ˛/(  ̨ + t).
Note in particular the case � = 1 which reduces to Xt having a simple geometric distribution. This restricted version of the

odel has previously been applied in bibliometrics, such as in Burrell (1980).
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The constructed stochastic process {Xt; t ≥ 0} is usually called a gamma-Poisson process, or GPP and, although it has
stationary increments, they are not independent so that the correlation structure can be investigated.

Note: The GPP has been extensively used in informetrics, initially in the context of library usage but later in citation
distributions, see for instance Burrell and Cane (1982) and Burrell (1985, 1986, 1988, 1990a, 1990b, 2001, 2002a, 2002b,
2003, 2005). It should be pointed out that there are other stochastic mechanisms that can give rise to exactly the same
process, see for instance Glanzel and Schubert (1995). It is also worth noting that although in practice one usually finds
citation frequency distributions that are decreasing, there is no logical a priori reason why this should be assumed and, for
some ranges of parameter values, the NBD is an example of a probability mass function that can have its mode away from
zero.

From the above we have

Proposition 1. With the assumptions of the model the crucial quantities are the UF

U = U(t) = P(Xt = 0) = p(t)v =
(

˛

 ̨ + t

)v
(2)

and the IF

� = �(t) = E [Xt] = v(1 − p(t))
p(t)

= v
t

˛
(3)

Proof. The first is just (1) with r = 0 while the second is a standard result for the NBD.
Of course, U is restricted to the unit interval while � can be any non-negative real number. Note that U(t) decreases with

time while the mean increases proportional to time. The issue of interest is the relationship between � and U. Ignoring the
time dependence, we have

Proposition 2.

U =
(

1
1 + �/v

)v
(4)

� = v
(

1
U1/v

− 1
)

(5)

Proof. Essentially, this is just a matter of eliminating t from (2) and (3) of Proposition 1. U = pv so that p = U1/v while

� = v
(

1 − p

p

)
= v

(
1
p

− 1
)

and hence (5) follows. Similarly, or by rearrangement, we  get (4).

Corollary. In the limit as � → ∞ we have U = e−� or � = −log U.
(Here and throughout, logs are taken to be natural logarithms.)

Proof. From (4)

U =
(

1 + �

v

)−v
=

[(
1 + �

v

)−v/�
]�

−→
v→∞

[e−1]
� = e−� (6)

and hence

� = − log U (7)

Note: The model assumed by Hsu and Huang (2012) and Egghe (2013) corresponds to (4) in the case � = 1, in turn
equivalent to Xt having a geometric distribution although it is not identified as such by those authors. Hsu and Huang (2012)
argue that the distribution arises as a consequence of a cumulative-advantage mechanism although their version of the
geometric distribution includes no time parameter. (We  will return to this later.) The case given by (6) is derived by Hsu and
Huang (2012) as resulting from what they refer to as the random-selection mechanism.

The relationship given in Proposition 2 is illustrated in Fig. 1 for various values of the index � together with the limiting
case given by (7), which we call the boundary case.

Note that the case � = 1 corresponds to the solid grey line and the boundary case to the dashed grey line given in Figs. 1–3
of Hsu and Huang (2012).
Remark. The above result says that, assuming the GPP model, given the value of the index � the point (U, �)  lies on the
curve given by (5) with the exact point depending on the value of p which in turn depends on both t and ˛. If instead we  had
used the same model but incorporating obsolescence as in Burrell (2003) we would again find a NBD for Xt with the same
index � but with a different time dependent form for p, see Burrell (2002b). Hence we would still find the same functional
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Fig. 1. The relation between the proportion of uncited articles and the average number of citations per article.

elationship between the IF and the UF as in (5). Thus we would expect to find the same sorts of empirical relationships
hether or not obsolescence is included in the original stochastic process model.

It is interesting to note that if the development of the collection is observed over an increasing period of time, as Hsu and
uang (2012) report in their study of the Chung Yuan Christian University and the journal Physica A, the GPP model predicts

hat, although each of U and � will change with time, the pair (U, �) will lie on the same curve – given by (5) – since the
ndex � remains the same. Observed discrepancies are then due to statistical fluctuation. This is in accordance with what
su and Huang (2012) illustrate in their Fig. 3 although as noted, their model is not time-dependent. Contrast their Fig. 3
ith what is plotted in their Fig. 1, a scatter diagram for 72 different physics journal. The important point is that, according

o the GPP model, in the latter case we have two  different sources of variation – not just statistical random deviations from
 single model but also that for different journals the GPPs may  have different values of the index �.

. The van Leeuwen and Moed findings

Turning to the situation reported by van Leeuwen and Moed (2005), they considered the relationship between the
ogarithm of the IF and the UF for journals in all fields covered by the Science Citation Index (SCI) for 1995. (As noted in the
ection 1, using a log rather than a linear scale for IF is what distinguishes the van Leeuwen and Moed approach from that of
su and Huang.) The scatter plot of the log of IF against the UF (expressed as a percentage) given in their Fig. 1 (reproduced
s Fig. 1 of Egghe (2008) and Fig. 3 of Egghe (2010)) is indeed striking. Far from being a random scatter of points, the plot
hows that the points seem to coalesce around a clearly defined curve. In their Fig. 2(a), (b) and (c), van Leeuwen and Moed
2005) show similar patterns when restricting the data to specific SCI subject fields. The distinct shape of the curve is fairly
escribed by Egghe (2008) as a horizontal S-shape – first convex, then concave. It is only fair to point out that Hsu and Huang
2012) also considered the effect of a logarithmic transformation for the IF as illustrated in their Fig. 4.

In fact, using the GPP model, we find from (5) the relationship between the log of the IF and the UF is given by

y = log � = log v + log(1 − U1/v) − log(V1/v) (8)

The shape of the curve is given in the following:

roposition 3. (i) lim
U→0

y = ∞;  lim
U→1

y = −∞; (ii) dy
dU < 0 for all U; (iii) lim

U→0

dy
dU = lim

U→1

dy
dU = −∞;

(iv) The curve is initially convex, becoming concave, with a point of inflection at

U =
( v

1 + v

)v
, y = 0.
roof. The first is immediate from (8). The rest all follow from simple calculus. Firstly, differentiating (8) with respect to
 and, purely to simplify notation, writing � = 1/�  we  find

dy

dU
= − �U�−1

1 − U�
− �U�−1

U�
= − �

U(1 − U�)
(9)
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Fig. 2. The relation between the proportion of uncited articles and the logarithm of the average number of citations per article.

Thus (ii) and (iii) follow immediately. For (iv), differentiate (9) once more with respect to U and find, after some simpli-
fication, that

d2y

dU2
= �

[
1 − (� + 1)U�

U2(1 − U�)2

]

Hence the sign of the expression is determined by the sign of 1 − (� + 1) U� or

1 −
(

1 + v
v

)
U1/v

and, after rearrangement, (iv) follows. The resultant value for �, and hence y, comes from (4).

Note: As an aside regarding the point of inflection, note that it occurs where the curve crosses the U-axis and also that
the U-value decreases as � increases. In the limit we have

lim
v→∞

( v
1 + v

)v
= lim

v→∞

(
1 + 1

v

)−v
= e−1 = 0.3678 . . .

An additional aspect of the van Leeuwen–Moed plot that seems particularly striking – to this author, at least – although
it does not seem to have raised comment elsewhere, is the very sharp lower boundary of the scatter plot. Because it is so
striking- and unexpected – we call this the van Leeuwen–Moed boundary. The following is essentially a reworking of the
Corollary to Proposition 2.

Proposition 4. The van Leeuwen–Moed boundary is given by

y = log � = log(− log U)

Proof. The relationships between U and � in the lim it v → ∞ are given in the Corollary to Proposition 2 and the equation
for the van Leeuwen–Moed boundary then follows from (7).

To illustrate the results of the Proposition, plots of Eq. (8) are given in Fig. 2 for various values of �, together with the van
Leeuwen–Moed boundary.

What is particularly interesting in Fig. 2 is not just the general way  that the graphs reflect the empirical data plotted in
Fig. 1 of van Leeuwen and Moed (2005), but the way  that the curves funnel in as we  move from left to right just as is seen
in the original empirical plot. Observe also the behaviour of the point of inflection as remarked on above.

A crucial aspect when considering the application the GPP model to many collections (of articles) is that we have two
distinct sources of variation – not just statistical random deviations from a completely specified model but also that for

different collections the GPPs - and hence the IF–UF relation – may  have different values of the index �. Thus in graphical
presentations such as that of van Leeuwen and Moed we  do not just have random scatters of points around a particular
curve, we have scatters around many different curves, all superimposed. We  believe that this at least in part provides an
explanation to the open problem posed at the end of Egghe (2010) regarding the “thicker” part of the van Leeuwen–Moed
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raph. (Although Egghe (2008) claims to provide a proof of this pattern in general, in fact he only illustrates the relationship
or a simple example.)

. On “success breeds success” and the Hsu-Huang argument

In their presentation, Hsu and Huang (2012) talk of “cumulative advantage” and “the Matthew effect” or “the rich get
icher” and use this idea to justify consideration of the requirement that

dP(n)
dn

∝ P(n) (10)

here “the time dependence has been removed from the asymptotic limit”.
This seems to be a strange approach. Surely, success breeds success – or any of its other expressions – is necessarily a

emporal phenomenon reflecting the way that the number of citations changes with time – the more citations an item has
eceived by any particular time, the more citations it might be expected to receive in the future? There should also be a
robabilistic element – that an item has received a lot of citations does not guarantee its future success, only that it has a
ood chance of future success. It is thus hard to see how the model given in (10), where time has been removed, can be
escribed as reflecting cumulative advantage.

Eq. (10) says first of all that the number of papers/journals/etc. receiving n citations decreases with increasing n. So how
oes this reflect success breed success? Furthermore, the rate of decrease is assumed to be directly proportional to the
umber of sources with n citations, without any supporting argument. In addition, note that in (8), n is a an integer variable
nd hence the proposed dependency should be through a difference equation, possibly

P(n + 1) − P(n) = cP(n), where c < 0

rom which the geometric distribution follows almost immediately.
In fact, it is the resultant geometric distribution – or rather the simple relation between the geometric parameter p = P(0)

nd the mean � – on which Hsu and Huang (2012) base all of their analysis. Egghe (2013) reproduces the Hsu and Huang
roof, again justifying the derivation by reference to the Matthew effect but in addition provides what is claimed to be a
heuristic) proof of (1) with � = 1, without reliance on (10). However, this “proof” relies on “assuming that the fraction of
the number of articles) representing 1 citation is also the fraction of articles with 1 citation”. At best the argument seems to be
ircular!

As noted above, a model for “success-breeds-success” must surely include the time dimension and hence be a dynamic
odel as well as acknowledging that actual numbers of future citations are uncertain. One has only to look at the original

resentation of Derek de Solla Price to appreciate his insight (Price, 1976). In the current context, the GPP, with or without
geing or obsolescence, has been shown to have a form of cumulative advantage as a consequence of its correlation structure.
he crucial mathematical feature is that, as remarked earlier, the stochastic process {Xt; t ≥ 0} does not have independent
ncrements. The essence of the result is that, given Xt = r, i.e. given that the number of citations received by time t is r,
he number of additional citations by time t + s has a NBD of index � + r so that the expected number of additional citations
s proportional to � + r. Indeed, the expected number of future additional citations in a given time is a linearly increasing
unction of the current number of citations. Thus, the more citations an item has received by time t, the more it might expect
o receive in a subsequent time period. Success breeds success!

(The mathematical details, including the situation where there is assumed to be obsolescence, can be found in such as
urrell and Cane (1982), and Burrell (1986, 1988, 1990b, 2003).)

. Concluding remarks

It has been shown that the well-known GPP model gives a reasonable qualitative description of the empirical phenomena
eported by van Leeuwen and Moed (2005) and Hsu and Huang (2012). The model is not claimed to be perfect, as has often
een acknowledged in the previously mentioned literature, but often does give a good descriptive picture of the empirical
henomena being considered. We  believe that we  have resolved to a large extent the open problem posed by Egghe (2008)

n providing a realistic model incorporating exactly the uncitedness factor. The model also provides further insight into the
mpirical findings by including the extra parameter � to model a further source of variation. What we have not done is to
ive a practical interpretation of the � parameter. One of the referees asks whether it is perhaps related to characteristics
f different disciplines, subfields or journals? This is perhaps the crucial question and one that we invite others to explore
hrough further empirical studies.
cknowledgements
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